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Abstract

Recently, fitted Q-iteration (FQI) based methods have becomore popular due
to their increased sample efficiency, a more stable leamiogess and the higher
quality of the resulting policy. However, these methodsagnmard to use for con-
tinuous action spaces which frequently occur in real-wtakks, e.g., in robotics
and other technical applications. The greedy action selecommonly used for
the policy improvement step is particularly problematidgtas expensive for con-
tinuous actions, can cause an unstable learning procésgluces an optimization
bias and results in highly non-smooth policies unsuitabtedal-world systems.
In this paper, we show that by using a soft-greedy actionctiele the policy
improvement step used in FQI can be simplified to an inexpenasdvantage-
weighted regression. With this result, we are able to deximew, computationally
efficient FQI algorithm which can even deal with high dimemsil action spaces.

1 Introduction

Reinforcement Learning [1] addresses the problem of howraurhous agents can improve their
behavior using their experience. At each time stéipe agent can observe its current statec X'

and chooses an appropriate actigne A. Subsequently, the agent gets feedback on the quality
of the action, i.e., the rewarg, = r(s;,a;), and observes the next statg ;. The goal of the
agent is to maximize the accumulated reward expected inutueef. In this paper, we focus on
learning policies for continuous, multi-dimensional aohproblems. Thus the state spateand
action spaced are continuous and multi-dimensional, meaning that disetons start to become
prohibitively expensive.

While discrete-state/action reinforcement learning is delyi studied problem with rigorous con-
vergence proofs, the same does not hold true for continuatsssand actions. For continuous state
spaces, few convergence guarantees exist and patholegieaé of bad performance can be gen-
erated easily [2]. Moreover, many methods cannot be trarsfestraightforwardly to continuous
actions.

Current approaches often circumvent continuous actionesphy focusing on problems where the
actor can rely on a discrete set of actions, e.g., when legraipolicy for driving to a goal in
minimum time, an actor only needs three actions: the maxiraooeleration when starting, zero
acceleration at maximum velocity and maximum throttle dawren the goal is sufficiently close
for a point landing. While this approach (called bang-bangraditional control) works for the
large class of minimum time control problems, it is also aitéd approach as cost functions rele-
vant to the real-world incorporate much more complex caists, e.g., cost-functions in biological
systems often punish the jerkiness of the movement [3], theuat of used metabolic energy [4]
or the variance at the end-point [5]. For physical techngyatems, the incorporation of further
optimization criteria is of essential importance; just amiaimum time policy is prone to damage
the car on the long-run, a similar policy would be highly darays for a robot and its environment



and the resulting energy-consumption would reduce itsraartty. More complex, action-dependent
immediate reward functions require that much larger setectibns are being employed.

We consider the use of continuous actions for fitted Q-itenafFQI) based algorithms. FQI is a
batch mode reinforcement learning (BMRL) algorithm. Thgoaithm mantains an estimate of the
state-action value functio@ (s, a) and uses the greedy operatoax, Q(s,a) on the action space
for improving the policy. While this works well for discretection spaces, the greedy operation
is hard to perform for high-dimensional continuous actiortr this reason, the application of
fitted Q-iteration based methods is often restricted to ttimensional action spaces which can be
efficiently discretized. In this paper, we show that the use stochastic soft-max policy instead of
a greedy policy allows us to reduce the policy improvemesp sised in FQI to a simple advantage-
weighted regression. The greedy operatinax, )(s,a) over the actions is replaced by a less
harmful greedy operation over the parameter space of theevfahction. This result allows us to
derive a new, computationally efficient algorithm which &sbd on Locally-Advantage-WEighted
Regression (LAWER).

We test our algorithm on three different benchmark tasks, the pendulum swing-up [6], the
acrobot swing-up [1] and a dynamic version of the puddlelavf#] with 2 and 3 dimensions. We
show that in spite of the soft-greedy action selection, dgmrithm is able to produce high quality
policies.

2 Fitted Q-lteration

In fitted Q-iteration [8, 6, 9] (FQI), we assume that all th@esience of the agent up to the current
time is given in the formH = {< s;,a;,r;, s, >}1<i<n. The task of the learning algorithm is to
estimate an optimal control policy from this historical @aFQIl approximates the state-action value
function Q(s, a) by iteratively using supervised regression techniquesw keget values for the
regression are generated by

Qi) = ri +Vi(s) = ri + y max Qk(s;, ). 1)

The regression problem for finding the functi@h. ., is defined by the list of data-point pair;
and the regression procedure Regress

Du(@0) = { (5020, Q] __ f+ Qus = Rearestn(@u) @

FQI can be viewed as approximate value iteration with séaten value functions [9]. Previous
experiments show that function approximators such as heetavorks [6], radial basis function
networks [8], CMAC [10] and regression trees [8] can be emgtbin this context. In [9], perfor-
mance bounds for the value function approximation are gfeea wide range of function approx-
imators. The performance bounds also hold true for contiswaxtion spaces, but only in the case
of an actor-critic variant of FQI. Unfortunately, to our kmledge, no experiments with this variant
exist in the literature. Additionally, it is not clear how apply this actor-critic variant efficiently for
nonparametric function approximators.

FQI has proven to outperform classical online RL methods amyrapplications [8]. Nevertheless,
FQI relies on the greedy action selection in Equation (1)usThhe algorithm frequently requires
a discrete set of actions and generalization to continuotisres is not straightforward. Using the
greedy operator for continuous action spaces is a hard gmolly itself as the use of expensive
optimization methods is needed for high dimensional astidvioreover the returned values of the
greedy operator often result in an optimization bias cagiaimunstable learning process, including
oscillations and divergence [11]. For a comparison with algorithm, we use the Cross-Entropy
(CE) optimization method [12] to find the maximum Q-valuesolr implementation, we maintain
a Gaussian distribution for the belief of the optimal actiowe samplencg actions from this
distribution. Then, the best-r < ncg actions (with the highest Q-values) are used to update the
parameters of this distribution. The whole process is reggeéor k¢ g iterations, starting with a
uniformly distributed set of sample actions.

FQIlis inherently an offline method - given historical date algorithm estimates the optimal policy.
However, FQI can also be used for online learning. After t@e &gorithm is finished, new episodes
can be collected with the currently best inferred policy &melFQI algorithm is restarted.



3 Fitted Q-Iteration by Advantage Weighted Regression

A different method for policy updates in continuous actiggaces is reinforcement learning by
reward-weighted regression [13]. As shown by the authbisaction selection problem in the im-
mediate reward RL setting with continuous actions can beftated as expectation-maximization
(EM) based algorithm and, subsequently, reduced to a rewarghted regression. The weighted
regression can be applied with ease to high-dimensionalraspaces; no greedy operation in the
action space is needed. While we do not directly follow thelwwo13], we follow the general idea.

3.1 Weighted regression for value estimation

In this section we consider the task of estimating the valmetionV” of a stochastic policy:(-|s)
when the state-action value functighis already given. The value function can be calculated by
V(s) = [, m(als)Q(s,a)da. Yet, the integral over the action space is hard to perfomesdatinuous
actions. However, we will show how we can approximate theedilinction without the evaluation
of this integral. Consider the quadratic error function

Jn66)( [ atats,ata - V<s>>2 ds 3

- / 1(s) ( /a 7(als) (Q(s,a) - V(s)) da>2ds, 4)

which is used to find an approximatidn of the value function(s) denotes the state distribution
when following policyr(-|a). Since the squared function is convex we can use Jensenslitgq
for probability density functions to derive an upper bourfidEquation (4)

Error(V) < / u(s) /a (als) (Q(s,a) - V(s))gdads = Errorg (V). )

The solutionV* for minimizing the upper bound Err@r(V) is the same as for the original error
function ErrofV").

Error(V)

Proof. To see this, we compute the square and replace the ferfals)Q(s, a)da by the value
functionV (s). This is done for the error function Errdr) and for the upper bound ErrgtV).

Error(V') = / u(s) (V(s) - V<s))2ds _ / uts) (V) —2V(&)V(s) + V(s)) ds (6)

Errory (V) = / () /a n(afs) (Qls.a)? ~2Q(s, )V (5) + V(5)?) dads )
_ / () ( /a (als)Q(s, a)2da — 2V (s)V(s) + V(s)2> ds ®)

Both error functions are the same except for an additivetemsvhich does not depend &h

In difference to the original error function, the upper bdurrorg can be approximated straightfor-
wardly by sampleg(s;, a;), Q(si, a;) h1<i<n gained by following some behavior poliey;(-|s).

N m(a;|s;) ¥ 2
Errorg (V Z Jra(arls) (Q(sz,az) V(SZ)) ) ©)
up(s) defines the state distribution when following the behavialiqy m,. The term
1/(u(si)m(ss,a;)) ensures that we do not give more weight on states and actiefisrged by
mp. This is a well known method in importance sampling. In orekeep our algorithm tractable,
the factorsmy(a;ls;), us(s;) andu(s;) will all be set tol/N. The minimization of Equation (9)
defines a weighted regression problem which is given by tieseéaD,, the weightingl and the
weighted regression procedure WeightedRegress

Dy = {[(s1,21), Qs1:a) s | U = {[n(ailsi)li<i<n} , V = WeightedRegres®y, U) (10)



Algorithm 1 FQI with Advantage Weighted Regression
Input: H = {< s;,a;,r;,s; >}1<i<n, 7 andL (Number of Iterations)
Initialize Vj(s) = 0.
fork=0toL —1do

Dy(Vi) = {[(Si,ai)% +’7Vk(5;:)]19§v}
Qr+1 = RegrestD;, (V1))

A(i) = Qr+1(si, ai) — Vi(si)
Estimatem4(s;) ando4(s;) forl1 <i < N
l{ = {[exp((A(i) — mA(Sz‘))/fTA(Si)]igigN}
Vi+1 = WeightedRegres®,. (%), U)

end for

The result shows that in order to approximate the value fandt (s), we do not need to carry out
the expensive integration over the action space for eatbsstdt is sufficient to know the Q-values
at a finite set of state-action pairs.

3.2 Soft-greedy policy improvement

We use a soft-max policy [1] in the policy improvement stephs FQI algorithm. Our soft-max
policy 71 (a]s) is based on the advantage functid(s, a) = Q(s,a)—V (s). We additionally assume
the knowledge of the mean 4 (s) and the standard deviation ef; (s) of the advantage function at
states. These quantities can be estimated locally or approximayeaidditional regressions. The
policy 71 (als) is defined as

E}Xp(TA(S7 a)) - A(s,a)—m a(s)
= - A = ERm IR 11
mi(als) [, exp(TA(s,a))da’ (s,2) oa(s) 11)

T controls the greediness of the policy. If we assume that tivarstagesA(s, a) are distributed
with N'(A(s,a)|ma(s), 0% (s)), all normalized advantage valueKs,a) have the same distribu-
tion. Thus, the denominator af is constant for all states and we can use the tetpir A(s, a)) «
71 (als) directly as weighting for the regression defined in Equatib®). The resulting approxi-
mated value functio (s) is used to replace the greedy operak(s]) = maxa Q(s},a’) in the
FQI algorithm. The FQI by Advantage Weighted Regression (AVagorithm is given in Algo-
rithm 1. As we can see, the Q-functi@py, is only queried once for each step in the histdfy
Furthermore only already seen state action p@irsa;) are used for this query.

After the FQI algorithm is finished we still need to determagolicy for subsequent data collec-
tion. The policy can be obtained in the same way as for rewasidshted regression [13], only the
advantage is used instead of the reward for the weightings, ttve are optimizing the long term
costs instead of the immediate one.

4 Locally-Advantage-WEighted Regression (LAWER)

Based on the FQI by AWR algorithm, we propose a new, compuailipefficient fitted Q-iteration
algorithm which uses Locally Weighted Regression (LWR, B4 function approximator. Similar
to kernel based methods, our algorithm needs to be able ¢alat the similarityw;(s) between

a states; in the datasef and states. To simplify the notation, we will denote;(s;) asw;; for

all s; € H. w;(s) is calculated by a Gaussian kernel(s) = exp(—(s; — s)”D(s; — s)). The
diagonal matrixD determines the bandwidth of the kernel. Additionally, olgroaithm also needs
a similarity measurevy; between two actions; anda;. Againwy; can be calculated by a Gaussian

kernelwy; = exp(—(a; —a;)"D"(a; — a;)).

Using the state similarity;;, we can estimate the mean and the standard deviation of vaatade

function for each stats;

Zj w”A(j) o2 (S) _ > wi; (A(G)—ma(s;))? (12)
Siwy A 205 wij ’

ma(s;) =



4.1 Approximating the value functions

For the approximation of the Q-function, we use Locally Wiégl Regression [14]. The Q-function
is therefore given by:

Qir1(s,a) =8a(SA"WSA) T 'SATWQja (13)
wheresy = [1,s7,aT]T, So = [5a(1),84(2),...,8a(N)]7 is the state-action matrixy =
diagw; (s)w(a)) is the local weighting matrix consisting of state and actsmilarities, and
Qrs1 = [Qrr1(1), Qi1 (2), ..., Qry1(N)]T is the vector of the Q-values (see Equation (1).

For approximating the V-function we can multiplicativelgrabine the advantage-based weighting
u; = exp(TA(s;, a;)) and the state similarity weights; (s). The valuel/ ;1 (s) is given by!:

Vigi(s) =8(S"US)'STUQs 11, (14)
wheres = [1,s7]7, S = [31, 82, ...,5n]7 is the state matrix antl = diag(w; (s)u;) is the weight

matrix. We bound the estimate 6’;§+1(s) by max;|.,, s)>0.001 @x+1(7) in order to prevent the local
regression from adding a positive bias which might causerdence of the value iteration.

A problem with nonparametric value function approximatisrgheir strongly increasing computa-
tional complexity with an increasing number of data poitsimple solution to avoid this problem
is to introduce a local forgetting mechanism. Whenever pirtise state space are oversampled, old
examples in this area are removed from the dataset.

4.2 Approximating the policy

Similar to reward-weighted regression [13], we use a stsibapolicy w(als) =
N (a|u(s), diag(c?(s))) with Gaussian exploration as approximation of the optinaliqy. The
meany(s) and the variance?(s) are given by

o s wi(s)ug(a;—pu(si))?
u(s) = 8(STUS)ISTUA, 02(s) = Tmotii! Z(gy i((;;muz ns:))? (15)
whereA = [a;, a,,...,ay]|’ denotes the action matrix. The varianceautomatically adapts the

exploration of the policy to the uncertainty of the optimatian. With o2, anda, we can set the
initial exploration of the policyoini is always set to the bandwidth of the action spaggsets the
weight of the initial variance in comparision to the variareomming from the datay, is set to3
for all experiments.

5 Evaluations

We evaluated the LAWER algorithm on three benchmark taslksp#ndulum swing up task, the
acrobot swing up task and a dynamic version of the puddlden@e., augmenting the puddle-
world by velocities, inertia, etc.) with and3 dimensions. We compare our algorithm to tree-based
FQI [8] (CE-Tree), neural FQI [6] (CE-Net) and LWR-based FQE(LWR) which all use the
Cross-Entropy (CE) optimization to find the maximum Q-valuEor the CE optimization we used
ncg = 10 samples for one dimensionalgr = 25 samples for 2-dimensional ang:g = 64 for
3-dimensional control variableg-p was always set t0.3n¢cg and we usedcp = 3 iterations.
To enforce exploration when collecting new data, a Gaussase ofe = A(0,1.0) was added
to the CE-based policy. For the tree-based algorithm, aarehke of M = 20 trees was usedy
was set to the number of state and action variablesigand was set t@ (see [8]). For the CE-Net
algorithm we used a neural network with 2 hidden layers Hhdeurons per layer and trained the
network with the algorithm proposed in [6] for 600 epochsr &b experiments, a discount factor
of v = 0.99 was used. The immediate reward function was quadratic irdistance to the goal
positionx and in the applied torque/foree= —c; (x — xg)? — coa?. For evaluating the learning
process, the exploration-free (i.e.;s) = 0, ¢ = 0) performance of the policy was evaluated after
each data-collection/FQI cycle. This was done by detemgitihe accumulated reward during an
episode starting from the specified initial position. All@bars represent@ % confidence interval.

YIn practice, ridge regressidiiy 1(s) = §(STWS + oI)"'STWQ,., 1 is used to avoid numerical insta-
bilities in the regression.
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Figure 1: (a) Evaluation of LAWER and CE-based FQI algorittiomghe pendulum swing-up task
for co = 0.005 . The plots are averaged over 10 trials. (b) The same evalulidi c; = 0.025. (C)
Learned torque trajectories fog = 0.005. (d) Learned torque trajectories foy = 0.025.

5.1 Pendulum swing-up task

In this task, a pendulum needs to be swung up from the pogitithre bottom to the top position [6].
The state space consists of the angular deviatifrom the top position and the angular velocity
of the pendulum. The system dynamics are give) bynl?0 = mgsin(#) + u , the torque of the
motor « was limited to[-5N,5N]. The mass was set ta = 1kg and length of the link tdm.
The time step was set 05s. Two experiments with different torque punishmeggs= 0.005 and
co = 0.025 were performed.

We usedl = 150 iterations. The matrice® andD 4 were set taD = diag(30,3) andD4 =
diag(2). In the data collection phasg,episodes withl50 steps were collected starting from the
bottom position and episodes starting from a random position.

A comparison of the LAWER algorithm to CE-based algorithmsdp= 0.005 is shown in Figure
1(a) and forc; = 0.025 in Figure 1(b). Our algorithm shows a comparable perforreatacthe
tree-based FQI algorithm while being computationally muaobre efficient. All other CE-based
FQI algorithms show a slightly decreased performance. ¢ufe 1(c) and (d) we can see typical
examples of learned torque trajectories when starting frloenbottom position for the LAWER,
the CE-Tree and the CE-LWR algorithm. In Figure 1(c) the ttgaes are shown fot; = 0.005
and in Figure 1(d) for, = 0.025. All algorithms were able to discover a fast solution with 1
swing-up for the first setting and a more energy-efficientsoh with 2 swing-ups for the second
setting. Still, there are qualitative differences in thgjdctories. Due to the advantage-weighted
regression, LAWER was able to produce very smooth trajezsawihile the trajectories found by the
CE-based methods look more jerky. In Figure 2(a) we can ssefluence of the parameteron
the performance of the LAWER algorithm. The algorithm worksd large range of values.

5.2 Acraobot swing-up task

In order to asses the performance of LAWER on a complex higbtylimear control task, we used
the acrobot (for a description of the system, see [1]). Theu® was limited td—5N, 5N]. Both
masses were set 1&g and both lengths of the links @5m. A time step of).1s was usedL = 100
iterations were used for the FQI algorithms. In the datdection phase the agent could observe 25
episodes starting from the bottom position and 25 startiog fa random position. Each episode had
100 steps. The matricdd andD 4 were set tdD = diag(20,23.6,10,10.5) andD 4 = diag(2).
The comparison of the LAWER and the CE-Tree algorithm is showRigure 2(a). Due to the
adaptive state discretization, the tree-based algorith@mbie to learn faster, but in the end, the
LAWER algorithm is able to produce policies of higher quatitan the tree-based algorithm.

5.3 Dynamic puddle-world

In the puddle-world task [7], the agent has to find a way to agfieed goal area in a continuous-
valued maze world (see Figure 3(a)). The agent gets negativard when going through puddles.
In difference to the standard puddle-world setting wheeeabent has a 2-dimensional state space
(thex andy position), we use a more demanding setting. We have creatgdaamic version of the
puddle-world where the agent can set a force acceleratingienensional point mass{ = 1kg).
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Figure 3: (a) Comparison of the CE-Tree and the LAWER algaorithr the 2-dimensional dynamic
puddle-world. (b) Comparison of the CE-Tree and the LAWERoatgm for the 3-dimensional
dynamic puddle-world. (c) Torque trajectories for the 8dnsional puddle world learned with the
LAWER algorithm. (d) Torque trajectories learned with the-Ciee algorithm.

This was done fok = 2 andk = 3 dimensions. The puddle-world illustrates the scalabiity
the algorithms to multidimensional continuous action gga@ respectively3 dimensional). The
positions were limited td0, 1] and the velocities td—1,1]. The maximum force that could be
applied in one direction was restricted2d/ and the time step was set@als. The setting of the
2-dimensional puddle-world can be seen in Figure 2(c). Wienthe agent was about to leave
the predefined area, the velocities were set to zero and aticadd reward of—5 was given. We
compared the LAWER with the CE-Tree algorithth.= 50 iterations were used. The matricBs
andD 4 were set td = diag(10, 10,2.5,2.5) andD 4 = diag(2.5, 2.5) for the 2-dimensional and
to D = diag(8,8,8,2,2,2) andD 4 = diag(1,1,1) for the 3-dimensional puddle-world. In the
data collection phase the agent could obs@fvepisodes witl50 steps starting from the predefined
initial position and20 episodes starting from a random position.

In Figure 3(a), we can see the comparison of the CE-Tree and AWER algorithm for the 2-
dimensional puddle-world and in Figure 3(b) for the 3-disienal puddle-world. The results show
that the tree-based algorithm has an advantage in the hiegiohthe learning process. However,
the CE-Tree algorithm has problems finding a good policy @m3kdimensional action-space, while
the LAWER algorithm still performs well in this setting. Thian be seen clearly in the comparison
of the learned force trajectories which are shown in Figu® &r the LAWER algorithm and in
Figure 3(d) for the CE-Tree algorithm. The trajectories fioe CE-Tree algorithm are very jerky
and almost random for the first and third dimension of the m@nariable, whereas the trajectories
found by the LAWER algorithm look very smooth and goal directe

6 Conclusion and futurework

In this paper, we focused on solving RL problems with cordiimiaction spaces with fitted Q-
iteration based algorithms. The computational compleaftthe max operatomax, Q(s, a) often
makes FQI algorithms intractable for high dimensional sardus action spaces. We proposed a



new method which circumvents theax operator by the use of a stochastic soft-max policy that
allows us to reduce the policy improvement stéfs) = max, Q(s,a) to a weighted regression
problem. Based on this result, we can derive the LAWER allyorjta new, computationally efficient
FQI algorithm based on LWR.

Experiments have shown that the LAWER algorithm is able t@poe high quality smooth policies,
even for high dimensional action spaces where the use ohsimeoptimization methods for calcu-
lating max, Q(s,a) becomes problematic and only quite suboptimal policied@sad. Moreover,
the computational costs of using continuous actions fardated FQI are daunting. The LAWER
algorithm needed on averag&80s for the pendulum]7600s for the acrobot]3700s for the 2D-
puddle-world an®4200s for the 3D-puddle world benchmark task. The CE-Tree allgorineeded
on averag&9900s, 201900s, 134400s and212000s, which is an order of magnitude slower than the
LAWER algorithm. The CE-Net and CE-LWR algorithm showed comapée running times as the
CE-Tree algorithm. A lot of work has been spent to optimizeithplementations of the algorithms.
The simulations were run on a P4 Xeon with 3.2 gigahertz.

Still, in comparison to the tree-based FQI approach, owrétlyn has handicaps when dealing with
high dimensional state spaces. The distance kernel mathiaee to be chosen appropriately by
the user. Additionally, the uniform distance measure thhmut the state space is not adequate for
many complex control tasks and might degrade the performaRature research will concentrate
on combining the AWR approach with the regression trees pteden [8].
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