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Abstract

In this thesis we develop a variational locally projected regression model. This work is
based on the ideas of principal component analysis, and its probabilistic formulation
and extension to mixture models. The general idea of this thesis is that many datasets
have an underlying structure that is difficult to detect in the data space itself. Doing
regression on such datasets requires overly complex models with redundant parameters
and leads to suboptimal approximations. In this approach, the dataset is transformed into
a higher dimensional latent space using nonlinear projections, such that the representation
of the data and its underlying structure simplifies. A mixture of probabilistic linear
models is trained on the projected data with variational inference, resulting in a bayesian
approximation with uncertainty quantification and reduced parameter redundancy.

Zusammenfassung

In dieser Arbeit entwickeln wir ein variationales lokal projiziertes Regressionsmodell. Diese
Arbeit basiert auf den Ideen der Hauptkomponentenanalyse und ihrer probabilistischen
Formulierung und Erweiterung auf Mischmodelle. Der Grundgedanke dieser Arbeit ist,
dass viele Datensätze eine zugrundeliegende Struktur haben, die im Datenraum selbst
schwer zu erkennen ist. Die Durchführung von Regressionen auf solchen Datensätzen
erfordert übermäßig komplexe Modelle mit redundanten Parametern und führt zu sub-
optimalen Näherungen. Bei diesem Ansatz wird der Datensatz mit Hilfe nichtlinearer
Projektionen in einen höherdimensionalen latenten Raum transformiert, so dass sich die
Darstellung der Daten und ihrer zugrunde liegenden Struktur vereinfacht. Eine Mischung
probabilistischer linearer Modelle wird auf den projizierten Daten mit Variationsinferenz
trainiert, was zu einer bayesianischen Annäherung mit Quantifizierung der Unsicherheit
und reduzierter Parameterredundanz führt.
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1 Introduction and Overview

With the development of affordable computers and rising processing power, artificial
intelligence and machine learning made considerable advancements in solving previously
intractable problems. The resulting technologies are increasingly important in our lives
and are adapted in various fields.

With the increasing number and size of available datasets, deep neural networks became
one of those advancements. They are easy-to-train universal approximators that can
handle high-dimensional and complex problems while being performant and achieving
exceptional results. A significant disadvantage of neural networks is that it is not well
understood how the learned parameters are related to the given task. They are also prone
to over-parametrization [1], [9], catastrophic forgetting [15], and unseen data can lead to
unexpected behavior [11].

In contrast, probabilistic methods like gaussian process regression (GPR) [21] offer a
principled Bayesian treatment that allows to counteract against over-parametrization
with Automatic Relevance Detection (ARD) [10] and offer uncertainty quantification [17]
for their results. There are, however, several downsides to methods that are using the
Bayesian framework. They are generally computationally more expensive and often have
many hyperparameters, making them difficult to tune and limiting their application to
complex tasks.

Another approach has been to simplify the dataset by combining multiple simpler models
such as mixture models [8] , as well as discarding dimensions by projecting the data
onto a lower-dimensional subspace [20], [5], [3]. Splitting the regression problem into
several sub-problems simplifies the training even with a Bayesian approach. However,
a downside is that data often contains repeating structures that may not be captured
when using several local approximators, leading to redundant parameters and inefficient
learning.

In this thesis, we try to make use of similar structures in the dataset by projecting the
datapoints onto a higher-dimensional latent space, such that the structure simplifies
under the projection. We then utilize a mixture of linear probabilistic models and use
Variational Inference (VI) to do regression on the projected data. This approach seeks to
combine the benefits of the Bayesian framework while being able to approximate complex
high-dimensional data and keeping the computational cost and parameter redundancy
low.
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In the following chapters, several foundational techniques are introduced, starting with
Principal Component Analysis (PCA) in Section 2.1.

PCA is a widely used globally linear method that reduces the dimensionality of a given
dataset. In order to diminish its linear restriction, we then introduce the probabilistic
extension of PCA in Section 2.2, which enables a principled way of incorporating mixture
models.

To eliminate the need to specify the dimensionality of the projected data, we show how to
augment Probablistic Principal Component Analysis (PPCA) to a bayesian formulation
in Section 2.3. With Bayesian Principal Component Analysis (BPCA) we are able to use
ARD to infer the dimensionality-hyperparameter from the data.

In Section 2.4 we give an overview of the Expectation Maximization (EM) algorithm used
to efficiently learn the parameters of probabilistic models.

We then address variations of PPCA and BPCA that work with mixture models in Chapter
3. The variations Mixture of Probabilistic Principal Component Analysers (MPPCA)
and Bayesian Mixture Principal Component Analysis (BMPCA) can be applied to
more complex problems and build the foundations for the method proposed in the next
chapter.

Chapter 4 motivates the idea of this thesis, proposes a probabilistic model with a hidden
layer and demonstrates how to derive the learning algorithm with VI.

We end with a summary and propositions for future work.
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2 Foundations

In this chapter several foundational technologies are introduced, that form the basic
building blocks to understand the proposed new method.

2.1 Principal Component Analysis

PCA is a technique capable of reducing the dimensionality of data, while minimizing the
loss of information [12,13,20]. It uses eigendecomposition to find an orthogonal coordinate
system, that is aligned with the directions of maximal variance in the data. The data
is then projected onto these principal axes, while omitting dimensions with the least
amount of variance. This results in an approximate representation of the data, with a
lower dimensionality. The linear subspace is called principal subspace. While PCA is a
globally linear method, we will later lift that restriction.

Reducing the dimensionality of a given dataset in a machine learning task, prevents
learning characteristics in the dataset, that have little influence on the given task, helps
reducing the complexity of the learned model and makes the learning process more
feasible.

Let D be the dimension of the given data, and Q the dimension of the principal subspace,
where Q < D. And furthermore we define {tn}, n ∈ {1..N} as the D-dimensional
observations, {xn}, n ∈ {1..N} as the Q-dimensional projected data, and wj , j ∈ {1..q}
as vectors representing the principal axes.

Given N datapoints tn, we first calculate the sample mean by

t̄ = 1

N

N∑︂

n=1

tn.

Using the sample mean, we can define the sample covariance matrix S, which correlates
the variance of the data with the axes of the coordinate system of the dataset, with

S =
1

N

N∑︂

n=1

(tn − t̄)(tn − t̄)⊤.
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By using eigendecomposition, we can derive the eigenvectors wi and eigenvalues λi of the
sample covariance matrix S, with

Swi = λiwi.

The eigenvalue λi describes the variance of the data, along the corresponding eigenvector
wi.

Now we omit D−Q dimensions by choosing the Q largest (where Q < D) eigenvalues and
their corresponding eigenvectors and define a projection matrix W, where each column is
an eigenvector wi, written as

W = (w1, . . . ,wq).

The projection matrix W can be used to project the data on the principal subspace, by
minimizing the sum-of-squares reconstruction cost. The projected xn are defined as

xn = WT (tn − t̄).

The lower dimensional approximate data representation x can be used to reconstruct the
data in the original coordinate space using the inverse projection [6]. The reconstructed
datapoints t̂n are given by

t̂n = Wxn + t̄.
In Figure 2.1 on page 5, we see observations (in blue), that are sampled from a skewed
two-dimensional Gaussian distribution, and the reconstructed datapoints t̂n in yellow.
We can see that on the omitted dimension, information is lost.

4
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Figure 2.1: PCA applied to a dataset, sampled from a skewed two-dimensional Gaus-
sian distribution. The samples, shown in blue, are projected onto a one-
dimensional principal subspace, which principal axis rotated in the direction
with the biggest variance. The projected datapoints are then projected back
into the original space, and being shown in yellow.
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2.2 Probabilistic Principal Component Analysis

PPCA is a probabilistic formulation of PCA as proposed by [18] and [20] , giving several
advantages over the previously introduced non probabilistic version of PCA.

With a probabilistic model, we gain the ability to generate datapoints, deal with missing
data and apply it to classification problems. We can also find solutions for high dimensional
data more efficiently, using the EM algorithm. Furthermore we can combine multiple
sub models into a mixture model in a principled way [6]. If the covariance σ2I would be
defined as a diagonal matrix Ψ where the diagonal values can differ, this algorithm is
called factor analysis [16].

We again look at a dataset of dimension D, consisting of N datapoints tn, and introduce
a Q-dimensional latent variable xn for every tn.

The dimensionality of the latent space is again supposed to be lower than the data space:
Q < D.

A general transformation between the latent- and dataspace with added noise is given
by

t = y(x;w) + ϵ.

In this case we use a linear transformation, with the projection matrix W, an offset µ
and added noise ϵ, we can formulate

t = Wx+ µ+ ϵ, (2.1)

where the projection matrix W is a D×Q matrix, whose column vectors span the principal
subspace.

For a probabilistic treatment, we need to introduce a prior distribution over the latent
variable x with

p(x) = N (x|0, I).

The conditional distribution is also gaussian, with a mean given by the linear transforma-
tion (2.1), and for the variance we introduce a new parameter σ, resulting in

p(t|x) = N (t|Wx+ µ,σ2ID).
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Given the prior- and conditional distribution, we can integrate over the latent variable x to
obtain the marginal distribution over the observed data t. Since we use a conjugate prior
distribution, the marginal is a gaussian with mean µ and covariance C, given by

p(t) =
∫︂

p(t|x)p(x) dx = N (t|µ,C). (2.2)

Under the assumption that x and ϵ are independent, we can derive the mean of (2.2) by
using the expectation [20]

E[t] = E[Wx+ µ+ ϵ] = µ.

We see that the mean of the marginal distribution is given by the offset parameter µ in
(2.1).

For the covariance C we find

C = E[(Wx+ ϵ)(Wx+ ϵ)⊤]

= E[Wxx⊤W⊤] + E[ϵϵ⊤]
= WW⊤ + σ2ID.

Instead of calculating the inverse of the covariance matrix S with dimension D × D
directly, we use the matrix inversion identity [6]

C−1 = σ2I− σ−2WM−1WT ,

where
M = WTW+ σ2I. (2.3)

This transformation simplifies the inversion of the D×D matrix S, to an inversion of the
Q×Q matrix M, which can be a significant computational advantage on high-dimensional
datasets.

The predictive distribution can now be written as

p(x|t) = N (x|M−1W⊤(t− µ),σ2M−1).

In the next section, the maximum likelihood solutions are shown.
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xn

Wµ

σ2

N

Figure 2.2: Graphical model of PPCA. Each observation tn is modeled by a directed
graph with the mean µ, variance σ2 and projectionW. For each tn there is a
corresponding xn.

2.2.1 Maximum Likelihood Solutions

In order to approximate the given data, with the derived model, we need to find the
optimal parameters µ, σ and W.

Defining the log likelihood function as

ln p(T|µ,W,σ2) =

N∑︂

n=1

ln p(tn|W,µ,σ2)

=

N∑︂

n=1

lnN (tn|µ,C)

=

N∑︂

n=1

ln
[︃
(2π)−D/2|C|−1/2 exp

{︃
− 1

2
(tn − µ)⊤C−1(tn − µ)

}︃]︃

=

N∑︂

n=1

[︃
− D

2
ln(2π)− 1

2
ln |C|− 1

2
(tn − µ)⊤C−1(tn − µ)

]︃

= −ND

2
ln(2π)− N

2
ln |C|− 1

2

N∑︂

n=1

(tn − µ)⊤C−1(tn − µ),

we can set the derivatives w.r.t the parameters equal to 0, and solve the equation for the
corresponding parameter, in order to find the maximum likelihood solutions.
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The mean µ is defined as the mean of the dataset

µML = t̄.

Substituting the result for µ back into the log likelihood function and using the sample
covariance matrix S

S =
1

N

N∑︂

n=1

(tn − t̄)(tn − t̄)⊤,

the log likelihood simplifies to

ln p(T|W,µ,σ2) = −N

2

{︁
d ln(2π) + ln |C|+ tr[C−1S]}︁ (2.4)

= L(T|µ,W,σ2).

The maximum likelihood solution for W results in

WML = UM(LM − σ2I) 1
2R,

where the columns of UM are the eigenvectors for S and LM is a diagonal matrix with
the corresponding eigenvalues at the diagonal [20].

The average variance, that is lost per discarded dimension can be calculated with

σ2
ML =

1

D −Q

D∑︂

i=Q+1

λi.

If the variance σ2 → 0, this is equal to non-probabilistic PCA.

For the posterior distribution we have

p(z|t) = N (z|M−1W⊤(t− µ),σ2M−1).

Choosing a suitable value for Q is not always straight forward. While cross-validation can
be used to compare and select the reduced dimension, it becomes computationally costly
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for large datasets. In the next chapter, we will introduce a method that will automatically
infer the projection dimensionality from the dataset.

To project a given point xn in the latent space, back to the data space (x̂n), we need to
calculate the posterior mean of x from

E[xn|tn] = M−1WT
ML(tn − t̄).

As an example, we sample datapoints tn from a skewed two-dimensional gaussian distribu-
tion (samples in blue), and plot the one-dimensional projection values xn after projecting
them back into the data space.

� � � � �

���

���

���

���

�������������������

��������������������

Figure 2.3: PPCA Example. The blue points represent the datapoints tn, with the orange
points represent the projected latent values xn.
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2.3 Bayesian Principal Component Analysis

One drawback with the previous approach of PPCA is, that we need to choose the
dimension Q of the principal subspace. While it sometimes is possible to make an
educated guess by e.g. plotting the dataset, it is not always easily seen [6].

To derive the dimension of the principal subspace automatically, we make use of the
Bayesian framework and its capability to do Automatic Relevance Detection (ARD).
Therefore we assign prior distributions to our model parameters and marginalize over them.
This method is called BPCA. Because the marginalization is analytically untractable, we
will use evidence approximation, which is suitable for a large amount of datapoints and
tightly peaked posterior distributions [5].

tn

xn
α

Wµ

σ2

N

Figure 2.4: Graphical Model of BPCA. Like in PPCA every observation tn has a corre-
sponding latent variable xn. In BPCA, the projection matrix W is governed
by the hyperparameter α, to automatically suppress dimensions with low
variance.

First we introduce independent gaussian priors over each column of W, where each column
represents a basis vector of the principle subspace. We set W to be an D×Q matrix, where
Q = D − 1. While this ensures that the data is simplified by at least one dimension, it
does not restrict the solution to use even less dimensions. The resulting dimensionality is
defined by the hyperparameters αi, which control the inverse variance of the corresponding
wi. The probability distribution of W given α is given by

p(W|α) =

Q∏︂

i=1

(
αi

2π
)D/2 exp

{︃
− 1

2
αiwT

i wi

}︃
. (2.5)
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By maximizing the marginal likelihood (2.6), some of the αi in equation (2.5) may be driven
to infinity, which in turn will force the corresponding exponent to become increasingly
negative and the corresponding wj is driven zero, therefore practically eliminating the
dimension from the latent space. Using the hyperparameter α to suppress certain wj is
similar to ARD as introduced by [14]. For the marginal likelihood we define

p(X|α,µ,σ2) =

∫︂
p(X|W,µ,σ2)p(W|α) dW. (2.6)

The maximum WMP can be found by maximizing the log posterior

ln p(W|D) = L(µ,W,σ2)− 1

2

D−1∑︂

i=1

αi∥wi∥2 + const, (2.7)

where L is given by (2.4).

When treating µ, σ2 and α as parameters without prior distributions, we can determine
µ and σ2 with maximum likelihood, and α using type-II maximum likelihood [5].

As shown by [7], the update for α results in

αi :=
γi

∥wi∥2
,

with the effective number of parameters in wi given by

γi = d− αi tr(H−1).

H denotes the Hessian matrix, which is the second derivative of ln p(W|D) w.r.t W,
evaluated at WMP .

To circumvent the calculation of the Hessian matrix, we make the assumption that γi = D,
which simplifies the update of α to

αnew
i =

D

∥wi∥2
. (2.8)
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For the derivation of the update for W we can use the EM algorithm, which is explained
in Section 2.4.

In the E-step we evaluate the expected sufficient statistics of the latent-space posterior
[5]

E[xn] = M−1WT (tn − µ),

and
E[xnxTn ] = σ2M+ E[xn]E[xn]T ,

with M given by (2.3).

In the M-step we keep x constant, while updating W and σ2. Getting

Wnew =

[︃ N∑︂

n=1

(tn − t̄)E[xn]T
]︃[︃ N∑︂

n=1

E[xnxTn ] + σ2diag(α)

]︃−1

,

and

σ2
new =

1

Nd

D∑︂

n=1

{︃
∥tn − µ∥2 − 2E[xTn ]WT

new(tn − µ) + Tr
[︁
E[xnxTn ]WT

newWnew

]︁}︃
.

The update of W and σ2 is alternated with re-estimation of α using (2.8).

13



2.3.1 Derivation of Variational Inference Updates

Instead of estimating the parameters µ, σ2 and α with the maximum likelihood approach,
we will now use a fully bayesian treatment and introduce prior distributions for each. The
update equations over all parameters are derived by using VI [3, 6, 16].

First we introduce the complete set of model densities

p(x) = N (x|0, Iq),
p(t|x) = N (Wx+ µ, τ−1Id),
p(µ) = N (µ|0,β−1Id),

p(α) =

q∏︂
Γ(αi|aα, bα),

p(τ ) = Γ(τi|aτ , bτ ),

p(W|α) =

q∏︂

i=1

(︃
αi

2π

)︃ d
2

exp
{︃
− 1

2
αi∥wi∥2

}︃
,

p(t) =
∫︂

p(t|x)p(x)dx = N (µ,C),

with C being defined as C = WW⊤ + τ I.
To calculate the posterior update equations, we factorize the joint distribution into a
posterior distribution q for every parameter like

q(W,α,µ, τ) = q(W)q(α)q(µ)q(τ).

For each function q(p), where p is the corresponding variable, we take the logarithm of
the joint density, omitting all terms that do not depend on p, and take the expectations
over all variables, except p itself.

14



2.3.2 Updating α

The update equations for the posterior over α can be found by

ln q(α) =

∫︂∫︂∫︂

wµτ

q(w)q(µ)q(τ)

[︃
ln p(t|x,W,µ, τ) + ln p(W|α) + ln p(α) + ln p(µ) + ln p(τ)

]︃

=

∫︂

w
q(w)

[︃
ln p(W|α) + ln p(α)

]︃

=

∫︂

w
q(w) ln

[︃
p(W|α)p(α)

]︃

=

∫︂

w
q(w) ln

[︃ q∏︂

i=1

(︃
αi

2π

)︃ d
2

exp
{︃
− 1

2
αi∥wi∥2

}︃ q∏︂ baαa−1
i

Γ(a)
e−bαi

]︃

=

∫︂

w
q(w) ln

[︃ q∏︂

i=1

baαa−1
i

Γ(a)

(︃
αi

2π

)︃ d
2

exp
{︃
− 1

2
αi∥wi∥2 − bααi

}︃]︃

=

∫︂

w
q(w) ln

[︃ q∏︂

i=1

ba

(2π)d/2Γ(a)
α
a+ d

2
−1

i exp
{︃
−
(︃
1

2
∥wi∥2 + b

)︃
αi

}︃]︃

=

∫︂

w
q(w) ln

[︃ q∏︂

i=1

θαã−1
i e−b̃(wi)αi

]︃
.

We see that the posterior q(α) has the form of a Gamma function Γ(α|aα, bα) with the
parameters

ã = a+
d

2
,

b̃(wi) = b+
1

2
E[∥wi∥2],

as well as the shape parameter

θ =
ba

(2π)d/2Γ(a)
.
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2.3.3 Updating µ

For µ we get

ln q(µ) = EW,x,τ,α

[︃ N∑︂

n=1

ln p(tn|xn,W,α, τ) + ln p(µ)
]︃

= EW,x,τ,α

[︃ N∑︂

n=1

lnN (tn|Wxn + µ, τ−1) +N (µ|0,β−1)

]︃

= EW,x,τ,α

[︃ N∑︂

n=1

{︃
d

2
ln 2π − 1

2
ln 1

τ
− 1

2

(︁tn −Wxn)⊤τ I(tn −Wxn)
)︁}︃

+
d

2
ln 2π − 1

2
ln 1

β
− 1

2
µ⊤βIµ

]︃

= EW,x,τ,α

[︃ N∑︂

n=1

{︃
d

2
ln 2π − 1

2
ln 1

τ

− 1

2

(︁t⊤n τ tn − t⊤n τWxn − tnτµ− x⊤nW⊤τ tn − x⊤nW⊤τWxn + x⊤nW⊤τµ+ µ⊤τµ
)︁}︃

+
d

2
ln 2π − 1

2
ln 1

β
− 1

2
µ⊤βIµ

]︃
.

Joining the two quadratic terms µ⊤µ

[︃ N∑︂
µ⊤τ Iµ

]︃
+ µ⊤βIµ = µ⊤(β +Nτ)Iµ,

we obtain a Normal distribution with variance

Σµ = (β +Nτ)−1I.

Since Σµ is a diagonal matrix, it is true that Σ⊤
µ = Σµ, which leads to the mean

mµ = Σµτ
N∑︂

(tn −Wxn).
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2.3.4 Updating x
The posterior parameters of x can be found with

ln q(xn) = EW,µ,τ,α

[︃
ln p(tn|Wxn + µ, τ−1 + ln p(W|0,α−1) + ln p(τ) + ln p(α) + ln p(xn|0, I)

]︃

= EW,µ,τ

[︃
ln p(tn|Wxn + µ, τ−1) + ln p(xn|0, I)

]︃
+ C0

= EW,µ

[︃
− 1

2
(tn −Wxn − µ)⊤τ(tn −Wxn − µ) + ln p(x0|0, I) + C1

]︃

= EW

[︃
− 1

2
(tn −Wxn − µ)⊤τ(tn −Wxn − µ) + ln p(xn|0, I) + C2

]︃

= −1

2
(tn −Wxn − µ)⊤τ(tn −Wxn − µ) + ln p(xn|0, I) + C3

= −1

2
(tn −Wxn − µ)⊤τ(tn −Wxn − µ)− 1

2
x⊤n xn + C3

= − 1

2

[︃
t⊤n τ tn − t⊤n τWxn − t⊤n τµ− x⊤nW⊤τ tn + x⊤nW

⊤
τWxn

+ x⊤W⊤
τµ− µ⊤τ tn + µ⊤τWxn + µ⊤τµ+ x⊤n xn

]︃
+ C3

= −1

2

[︃
x⊤n (W

⊤
τW+ I)xn − (2t⊤n τW− 2µ⊤τW)xn + ...

]︃
+ C3

= −1

2

[︃
x⊤nΣ−1

x xn − 2τ(t⊤nW− µ⊤W)xn + ...

]︃
+ C3.

The posterior q(x) is given by q(x) = N (x|mx,Σx), with

Σx = (W⊤
τW+ I)−1,

and

mx = τΣxW⊤
(tn − µ).
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2.3.5 UpdatingW
For the posterior of W we can derive

ln q(wj) = Eµ,τ,α,x

[︃[︁ N∑︂

n=1

ln p(t|x,W,µ, τ)
]︁
+ ln p(x) + ln p(W|α) + ln p(α) + ln p(µ) + ln p(τ)

]︃

= Eµ,τ,α,x

[︃ N∑︂

n=1

{︃
ln p(tn|xn,wj ,αj ,µ, τ)

}︃
+ ln p(wj |αj)

]︃

= Eµ,τ,α,x

[︃ N∑︂

n=1

{︃
ln p(tn|wjxn + µ, τ−1I)

}︃
+ ln p(wj |αj)

]︃

= Eµ,τ,α,x

[︃ N∑︂

n=1

{︃
d

2
ln 2π +

1

2
ln τ − 1

2

(︁
(tn −wjxn − µ)⊤τ I(tn −wjxn − µ)

)︁}︃

+
d

2
lnαj −

d

2
ln 2π − 1

2
αj∥wj∥2

]︃

= Eµ,τ,α

[︃ N∑︂

n=1

{︃
d

2
ln 2π +

1

2
ln τ − 1

2

(︁
(tn −wjxn − µ)⊤τ I(tn −wjxn − µ)

)︁}︃

+
d

2
lnαj −

d

2
ln 2π − 1

2
αj∥wj∥2

]︃

= Eµ,α

[︃ N∑︂

n=1

{︃
d

2
ln 2π +

1

2
ln τ − 1

2

(︁
(tn −wjxn − µ)⊤τ I(tn −wjxn − µ)

)︁}︃

+
d

2
lnαj −

d

2
ln 2π − 1

2
αj∥wj∥2

]︃

= Eα

[︃ N∑︂

n=1

{︃
d

2
ln 2π +

1

2
ln τ − 1

2

(︁
(tn −wjxn − µ)⊤τ I(tn −wjxn − µ)

)︁}︃

+
d

2
lnαj −

d

2
ln 2π − 1

2
αj∥wj∥2

]︃

=

N∑︂

n=1

{︃
d

2
ln 2π +

1

2
ln τ − 1

2

(︁
(tn −wjxn − µ)⊤τ I(tn −wjxn − µ)

)︁}︃

+
d

2
lnαj −

d

2
ln 2π − 1

2
αj∥wj∥2
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=
N∑︂

n=1

[︃
d

2
ln 2π +

1

2
ln τ − 1

2

(︃
t⊤n τ tn − t⊤n τwjxn − t⊤n τµ− x⊤nw⊤

j τ tn

+ x⊤nw⊤
j τwjxn + x⊤n τµ− µ⊤τ tn + µ⊤τwjxn

)︃]︃
+

d

2
lnαj −

d

2
ln 2π − 1

2
αj∥wj∥2

=
Nd

2
ln 2π +

N

2
ln τ − 1

2
τ
[︁ N∑︂

x⊤n xn
]︁w⊤

j wj −
1

2
αjw⊤

j wj +
1

2
x⊤nw⊤

j τ(tn − µ)

− 1

2
τ
[︁ N∑︂

t⊤n tn
]︁
+

1

2
τ

N∑︂
t⊤nµ+

1

2
µ⊤τ

N∑︂
tn − 1

2
µ⊤µ

=
Nd

2
ln 2π +

N

2
ln τ − 1

2

[︁
αj + τ

N∑︂
x⊤n xn

]︁w⊤
j wj +

1

2
x⊤nw⊤

j τ(tn − µ)

− 1

2
τ
[︁ N∑︂

t⊤n tn
]︁
+

1

2
τ

N∑︂
t⊤nµ+

1

2
µ⊤τ

N∑︂
tn − 1

2
µ⊤µ.

The posterior q(wj) is then given by q(wj) = N (wj |mw,Σw), with

Σw =

(︃
αj + τ

N∑︂
x⊤n xn

)︃−1

,

and

mw = Σwτ
N∑︂

xn(tn − µj).
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2.3.6 Updating τ

To update the parameters of the posterior over τ we use

ln q(τ) = lnEW,α,x,µ

[︃[︁ N∏︂
p(tn|xn,W,α, τ)

]︁
+ ln p(τ)

]︃

=
N

2
ln τ + (a0 − 1) ln τ − b0τ

− 1

2
τ

N∑︂[︁t⊤n tn − t⊤nWxn − t⊤nµ− x⊤nW
⊤tn + x⊤nW

⊤Wxn
+ x⊤nW

⊤
µ− µ⊤tn + µ⊤Wxn + µ⊤µ

]︁
.

The posterior q(τ) and the parameter updates result in

q(τ) = Γ(τ |ãτ , b̃τ ),

with

ãτ = a0 +
N

2
, and

b̃τ = b0 +
1

2
τ

N∑︂[︁t⊤n tn − t⊤nWxn − t⊤nµ− x⊤nW
⊤tn + x⊤nW

⊤Wxn
+ x⊤nW

⊤
µ− µ⊤tn + µ⊤Wxn + µ⊤µ

]︁
.

2.3.7 Example Task

Using the stated model and the derived parameter updates, we can now apply BPCA
to an example dataset, sampled from a 10-dimensional multivariate normal distribution.
We use a Hinton Plot, to visualize the entries of the projection matrix W. Each value is
represented by a rectangle, where the size represents the absolute value and the color the
sign. The approximation with PCA can be seen in Figure 2.5, and the resulting BPCA
approximation of W in Figure 2.6. We can see that BPCA suppresses the three dimensions
with the least variance in the latent space, simplifying the effective dimensionality of the
data, by driving the correlating columns wi to 0. As an alternative to the hinton plot, we
plot the lengths of the column vectors wi of the BPCA solution, over the column number
i in Figure 2.7.
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Figure 2.5: PCA Hinton Plot

Figure 2.6: BPCA Hinton Plot of matrixW
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Figure 2.7: Lengths of column vectors in matrixW
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2.4 Expectation Maximization

The Expectation Maximization algorithm, is a widely used iterative algorithm, that finds
maximum likelihood solutions for probabilistic latent models [6].

Let X be the observed variables, Z the latent variables, and θ be the model parame-
ters.

In general we want to maximize p(X|θ), but maximizing the complete-data log likelihood
p(X,Z|θ) is more feasible, so we make use of marginalization. While we use sums here
for discrete latent variables, these can be interchanged with integrals when dealing with
continuous latent variables. p(X|θ) is given by

p(X|θ) =
∑︂

Z
p(X,Z|θ).

A joint probability of X and Z can be split into a conditional and a prior part

p(X,Z) = p(Z|X)p(X),

which leads to the probability of X being

p(X) = p(X,Z)
p(Z|X) .

By taking the logarithm on both sides, and introducing a new function q(Z), we can
decompose the right hand side into two parts L(q,θ) and KL(q∥p) with

ln p(X|θ) = ln p(X,Z|θ)− ln p(Z|X, θ)

=
∑︂

Z
q(Z) ln

{︃
p(X,Z|θ)
q(Z)

}︃

⏞ ⏟⏟ ⏞
L(q,θ)

−
∑︂

Z
q(Z) ln

{︃
p(Z|X, θ)
q(Z)

}︃

⏞ ⏟⏟ ⏞
KL(q∥p)

= L(q, θ) + KL(q∥p),
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where

L(q,θ) =
∑︂

Z
q(Z) ln

{︃
p(X,Z|θ)
q(Z)

}︃
, (2.9)

KL(q∥p) = −
∑︂

Z
q(Z) ln

{︃
p(Z|X, θ)
q(Z)

}︃
. (2.10)

Since the Kullback-Leibler divergence (2.9) between q and p, KL(q∥p) is always greater
or equal to 0, we know that L(q,θ) forms a lower bound on ln p(X|θ). This lower bound
reaches its maximum when the KL-divergence vanishes, or expressed formally when
q(Z) = p(Z|X, θ).
The idea of the EM algorithm is to maximize this lower bound. The maximization is
split into two steps, namely the Expectation Step (E-Step) and the Maximization Step
(M-Step). In the E-Step, we keep the parameters θ fix, while maximizing the lower-bound
L w.r.t q(Z). The obtained new values for q(Z) are now used in the M-Step, where we
keep them fixed, and maximize the lower bound L w.r.t the parameters θ leading to
θnew. The E- and M-Step are computed iteratively, until the lower bound converges to
a local maxima. Instead of maximizing the lower bound in each iteration, it is shown
by [6], that it suffices to just increase the lower-bound in each step, leading to the idea of
General-EM.

Next the EM algorithm is exemplary applied to a mixture of gaussians.

2.4.1 Mixtures of Gaussians Example

A Gaussian mixture distribution can be written as a linear superposition of Gaussians in
the form

p(x) =
K∑︂

k=1

πkN (x|µk,Σk),

where πk are the mixing weights [6].

Because this superposition should result in a probability distribution, the mixture weights
πk have to satisfy 0 ≤ πk ≤ 1 and

K∑︂

k=1

πk = 1.
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A K-dimensional binary random variable z with zk ∈ 0, 1 and
∑︁

k zk = 1 is now introduced
with p(zk = 1) = πk, and respectively

p(z) =
K∏︂

k=1

πzk
k .

The conditional distribution of the observed variables x given the latent variable z can be
written as p(x|zk = 1) = N (x|µk,Σk), and respectively

p(x|z) =
K∏︂

k=1

N (x|µk,Σk)
zk .

Using the latent variable zk in the exponent, will ensure that only the belonging distribution
is active for each z and x.
Multiplying the conditional distribution p(x|z) with p(z) and summing over all z we
obtain the marginal distribution p(x) with

p(x) =
∑︂

z
p(z)p(x|z) =

K∑︂

k=1

πkN (x|µk,Σk).

The posterior probability that a given xn belongs to cluster k can be represented by the
conditional distribution of z given x:

γ(zk) ≡ p(zk = 1|x) = p(zk = 1)p(x|zk = 1)
∑︁K

j=1 p(zj = 1)p(x|zj = 1)

=
πkN (x|µk,Σk)∑︁K
j=1 πjN (x|µj ,Σj)

. (2.11)

πk can be seen as the prior probability of zk = 1 and γ(zk) as the posterior probability
observing x or the responsibility that component k takes, for explaining observation
x.
Since the posterior probability distributions might overlap, the association of a datapoint
with a cluster is given as a probability, making this a soft clustering method.
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2.4.2 EM for Gaussian Mixtures Derivation

The joint probability for xn and zn can be written as

p(xn, zn|θ) = p(xn|zn,θ)p(zn|θ)

=

K∏︂

k=1

[︁
p(xn|znk = 1,θ)⏞ ⏟⏟ ⏞

N (xn|µk,Σk)

p(znk = 1|θ)⏞ ⏟⏟ ⏞
πk

]︁znk

=

K∏︂

k=1

[︁
πkN (xn|µk,Σk)

]︁znk ,

and for all datapoints as

p(X,Z|θ) =
N∏︂

n=1

K∏︂

k=1

[︁
πkN (xn|µk,Σk)

]︁znk .

If we now take the logarithm on both sides [6], we obtain

ln p(X,Z|Σ) =

N∑︂

n=1

K∑︂

k=1

znk ln
[︁
πkN (xn|µkΣk)

]︁
. (2.12)

Taking the expectation w.r.t p(Z|X, θi) we can calculate the update equations for the
E-Step with

Ep(Z|X,θi)

[︁ ln p(X,Z|θ)]︁ =
N∑︂

n=1

K∑︂

k=1

Ep(Z|X,θi)

[︁
znk

]︁ ln [︁πkN (xn|µ,Σ)
]︁
,

p(znk = 1|xn,θi) =
p(xn|znk = 1,θi)p(znk = 1|θi)

∑︁K
k∗=1 p(xn|znk∗ = 1,θi)p(znk∗ = 1|θi)

,

25



E
[︁
znk

]︁
= 0 · p(znk = 0|xn,θi)

+ 1 · p(znk = 1|xn,θi)

=
πi
kN (xn|µi

k,Σ
i
k)∑︁K

k∗=1 π
i
k∗N (xn|µi

k∗ ,Σ
i
k∗)

, (2.13)

and

E
[︁ ln p(X,Z|θ)]︁ =

N∑︂

n=1

K∑︂

k=1

E
[︁
znk

]︁[︁ lnπk + lnN (xn|µkΣk)
]︁
. (2.14)

Maximizing (2.13) corresponds to the E-Step, while maximizing (2.14) w.r.t θ corresponds
to the M-Step. In order to maximize (2.14) we need to derive for the several components
of θ.

Deriving for µ only the terms that depend on µ yields

∂

∂µk

lnN (xn|µk,Σk) =
∂

∂µk

(︁
− 1

2
(xn − µk)

⊤Σ−1
k (xn − µk)

)︁

=
∂

∂µk

(︁
− 1

2

[︁
µ⊤
k Σ

−1
k µk − 2x⊤nΣ−1

k µk

]︁)︁

=− 1

2

[︁
2Σ−1

k µk − 2Σ−1
k xn

]︁

=Σ−1
k xn −Σ−1

k µk.

We can now use the equalities

∂

∂x
(︁x⊤Ax)︁ = (A⊤ + A)x,
∂

∂x
(︁a⊤x)︁ = a,

set the derivative of the derivation equal to zero, and solve for the parameter µk with
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∂

∂µk

E
[︁ ln p(X,Z|θ)]︁ =

N∑︂

n=1

E
[︁
znk

]︁(︃
Σ−1

k xn −Σ−1
k µk

)︃
!
= 0

⇒
N∑︂

n=1

E
[︁
znk

]︁xn =
N∑︂

n=1

E
[︁
znk

]︁
µk,

leading to the update equation for parameter µk

µk =

∑︁N
n=1 E

[︁
znk

]︁xn∑︁N
n=1 E

[︁
znk

]︁ .

Next we derive the update equation for Σk, and define the precision A = Σ−1
k .

Starting with the log normal part of (2.14) and using the equalities

∂ ln |A|
∂A = (A−1)⊤,

∂ tr(AB)
∂A = B⊤,

we see that

lnN (xn|µkΣk) =
1

2
ln |Ak|−

1

2
(xn − µk)

⊤Ak(xn − µk) (2.15)

=
1

2

[︃
ln |Ak|− tr (︁Ak(xn − µk)(xn − µk)

⊤)︁
]︃
. (2.16)

Again we take the derivative of (2.16) w.r.t Ak, resulting in

∂

∂Ak

1

2

[︃
ln |Ak|− tr (︁Ak(xn − µk)(xn − µk)

⊤)︁
]︃

(2.17)

=
1

2

[︃
Σk − (xn − µk)

⊤(xn − µk)

]︃
. (2.18)
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Inserting (2.18) into (2.14) and setting the derivative w.r.t A to zero, we obtain

∂

∂Ak
E
[︁ ln p(X,Z|θ)]︁ !

= 0

⇒ 1

2

N∑︂

n=1

E
[︁
znk

]︁[︁
Σk − (xn − µk)

⊤(xn − µk)
]︁ !
= 0

⇒
N∑︂

n=1

E
[︁
znk

]︁
Σk =

N∑︂

n=1

E
[︁
znk

]︁
(xn − µk)

⊤(xn − µk).

We can now divide this result by the sum of expectations of znk and get the result for Σk

with

Σk =

∑︁N
n=1 E

[︁
znk

]︁
(xn − µk)

⊤(xn − µk)∑︁N
n∗=1 E

[︁
znk

]︁ .

For the derivation of the mixture proportions π, the constraint
∑︁K

k=1 πk = 1 needs to be
fulfilled. Therefore we use a lagrange multiplier λ in

f(x), subject to g(x) = 0

yields L = f(x)− λg(x),

leading to

d

dπk

(︃ N∑︂

n=1

E
[︁
znk

]︁ lnπk − λ
(︁ K∑︂

k=1

πk − 1
)︁)︃

=

∑︁N
n=1 E

[︁
znk

]︁

πk
− λ

!
= 0

=>
N∑︂

n=1

E
[︁
znk

]︁
= λπk

=>
N∑︂

n=1

K∑︂

k=1

E
[︁
znk

]︁

⏞ ⏟⏟ ⏞
=1⏞ ⏟⏟ ⏞

=N

= λ

=> λ = N.
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The update equation for πk can be written as

πk =
1

N

N∑︂

n=1

E
[︁
znk

]︁
.

In Figure 2.8 we generated a dataset from three distinct gaussians, and use EM for
clustering.

−5 0 5 10 15 20
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15

observations
cluster centers

cov1
cov2
cov3

Figure 2.8: Expectation Maximization example – Using a generated dataset, that was
sampled from three different multivariate normal distributions, which differ in
their mean and covariances. The EM algorithm was able to find and fit three
clusters. The cluster centers are depicted in orange, with a different color to
represent each fitted covariance.
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3 Mixture Models and Probabilistic Principal
Component Analysis

We now show that PPCA and BPCA can be easily extended to be used with mixture
models. Using a mixture of probabilistic principal component analyzers, we are able
to model more complex datasets, while still using simple densities for the mixture
components.

3.1 Mixtures of Probabilistic Principal Component Analysers

One big advantage of using a probabilistic formulation for PCA is that we can extent it
to a mixture of several analysers. While PCA is limited in its application by its global
linearity property, with MPPCA we can combine several local function approximators,
enabling better approximations of more complex data structures [19].

In the mixture case, we split the model probability p(t) into several submodels, also
called mixture components. Each mixture component p(t|k) has its own set of parameters
µk, Wk and σ2

k, and is weighted with a mixing proportion πk, leading to the model
probability

p(t) =
K∑︂

k=1

πkp(t|k),

where K is the number of components used.

The log likelihood can be formulated accordingly as

L =

N∑︂

n=1

ln{︁p(tn)
}︁

(3.1)

=

N∑︂

n=1

ln
{︃ K∑︂

k=1

πkp(tn|k)
}︃
.

Using our log likelihood, we can now derive an EM algorithm to get update equations for
our parameters. Repeating these updates iteratively will lead to an increasingly precise
approximation.
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3.1.1 EM for Mixtures of Probabilistic PCA

First we introduce the posterior responsibility Rnk of mixture k for generating data point
tn

Rni = p(k|tn) =
p(tn|k)πk
p(tn)

. (3.2)

Using the posterior responsibility Rnk in the log likelihood equation (3.1), leads to the
expected complete-data log likelihood [19]

ˆ︁L =
N∑︂

n=1

K∑︂

k=1

Rnk ln
{︁
πkp(tn|k)

}︁
. (3.3)

Maximizing (3.3) w.r.t πk and µk using a Lagrange multiplier leads to the parameter
updates

˜︁πk =
1

N

N∑︂

n=1

Rnk, (3.4)

˜︁µk =

∑︁N
n=1Rnktn∑︁N
n=1Rnk

. (3.5)

To find the update equations for Wk and σ2
k, we need to make sure that ˆ︁LC is increased

with every iteration. While this can be done by maximizing the log likelihood on every
step, it is already sufficient to increase it gradually. This is described as Generalized
Expectation Maximization (GEM) [6].

Inserting the parameter updates (3.4) and (3.5) into the complete-data log likelihood
(3.3) yields

⟨︁
LC

⟩︁
=

N∑︂

n=1

K∑︂

k=1

Rnk

{︃
ln ˜︁πk −

d

2
lnσ2

k −
1

2
tr(⟨︁xnkx⊤nk

⟩︁
)

− 1

2σ2
k

∥tnk − ˜︁µk∥2 +
1

σ2
k

⟨︁x⊤nk
⟩︁W⊤

k (tn − ˜︁µk)

− 1

2σ2
k

tr(W⊤
k Wk

⟨︁xnkx⊤nk
⟩︁
)

}︃
.

(3.6)
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Maximizing (3.6) w.r.t to Wk and σ2
k, while keeping ˜︁µk and ˜︁πk fixed [19], we obtain

˜︁Wk = SkWk(σ
2
kI+M−1

k W⊤
k SkWk)

−1, (3.7)

˜︁σ2
k =

1

d
tr(Sk − SkWkM−1

k
˜︁W⊤

k ), (3.8)

where

Sk =
1

˜︁πkN

N∑︂

n=1

Rnk(tn − ˜︁µk)(tn − ˜︁µk)
⊤.

Iterating the parameter updates, alternating between (3.2)-(3.5) and (3.7)-(3.8) guarantees
to find a local maximum of the likelihood (3.6).

An alternative way to derive the update equations for Wk and σ2
k is to use eigen-

decomposition on Sk by using

W = Uq(Λq − σ2I)1/2R,

σ2
ML =

1

D −Q

D∑︂

j=Q+1

λj ,

where the sum from j = Q+ 1 to D means summing over the smallest D −Q eigenval-
ues.

However, using the EM approach can have computational advantages [19], since unlike
in PPCA, the covariance matrix Sk for every model has to be re-computed in each
iteration.

In Figure 3.1, we use a spiral datasets with added noise and five mixture components to
test the algorithm.
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Figure 3.1: MPPCA model with K = 5 mixture components, optimized with EM on a
spiral dataset with added noise. The black dots represent the means of each
component, the datapoints are colored according to their responsible mixture
component. At the bottom we see how the EM algorithm monotonically
increases the log likelihood function between each iteration and the cluster
weights πk.
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3.2 Mixture of Bayesian Principle Component Analysers

After extending PPCA to use mixture models, MPPCA still has the downside of not
automatically inferring the dimensionality of the latent space. Furthermore a new
hyperparameter, representing the number of models in use, has been introduced, which
also needs to be chosen manually. In order to infer these values automatically using
Bayesian model comparison [2, 8], we now look at the mixture formulation of BPCA,
called BMPCA.

The graphical model from Figure 2.4 of BPCA, is extended as shown in Figure 3.2.

tn

zn xn

µk

Wk απ

τ

N K

Figure 3.2: Graphical Model of BMPCA – For each of the observations tn, shaded in gray,
there are corresponding latent variables xn and zn. For each model we have
a projection matrix Wk , as well as a model mean µk. The columns of Wk

depend on the shared hyperparameters α.

.

As in MPPCA, we use mixing proportions π = {πk}, and introduce a discrete latent
variable zn with dimension Q, which is a one-hot vector, for every datapoint tn, defining
which mixture component is responsible for modeling tn. Instead of having only a single
mean µ and single projection matrix W, we now have one µk and Wk for each mixture
component. We also use the hyperparameter α to automatically prune columns of Wk,
which in turn lowers the dimensionality of the latent space. While every sub model could
have its own set of αk, we share them between all models, to get a continuous non-linear
manifold [8].

The prior distribution for Wk is given by

p(Wk|α) =

Q∏︂

i=1

(
αi

2π
)D/2 exp

{︃
− 1

2
αiwT

kiwki

}︃
,
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and the latent variables zn are modeled by

p(z = δk|π) = πk,

with δk being a Dirac delta, where only the k-th element equals to 1, and all other
elements are 0.

For the mixing proportions, we use a Dirichlet prior, paremetrized by u and normalized
by the term Z(u), resulting in

p(π) = Dir(π|u) = 1

Z(u)
K∏︂

k=1

πuk−1
k δ

(︃ K∑︂

k=1

πk − 1

)︃
.

The likelihood of the observation tn given the parameters is a Normal distribution with
the projected mean Wkxn + µk and precision τ . The latent variable xn and sub-model
mean µk are both modeled by Normal distributions with zero mean, and the densities
over τ and αki are Gamma distributions.

The update equations for our parameters, are derived using VI. The likelihood functions
and prior distributions for our model are

[︄
N∏︂

p(tn|xn,W,Z,µ,α, τ)

]︄
p(X)p(Z |π)p(π)p(W|α)p(α)p(µ)p(τ). (3.9)

We again make the assumption that the q(...)-distributions can be factorized. The
factorization for this model is given by

Q(Z,X,π,W,α,µ, τ) = Q(X|Z)Q(Z)Q(π)Q(W|α)Q(α)Q(µ)Q(τ). (3.10)
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3.2.1 Model Definition

The equations describing our model are given by

p(tn|Wk,µk, τ) = N (tn|Wkxn + µk, τ
−1I)znk ,

p(Wk|α) =

M∏︂

i=1

(
αi

2π
)D/2 exp

{︃
− 1

2
αiwT

kiwki

}︃
,

p(αki) = Γ(αki|aα, bα),
p(xn) = N (xn|0, I),
p(τ) = Γ(τ |aτ , bτ ),

p(µk) = N (µk|0,β−1I).

3.2.2 Variational Inference Derivation of the Posterior Distribution

We now calculate the log over the posterior distributions of our parameters, starting with
αki.

Updating α

To find update equations for the posterior over α we use

ln q(αki) = E
[︃
ln p(wki|αki) + ln p(αki)

]︃

= E
[︃
ln

(︃(︁αki

2π

)︁ d
2 exp

{︃
− 1

2
αki∥wki∥2

}︃)︃
+ lnΓ(αki|aα, bα)

]︃

= E
[︃
d

2
lnαki −

d

2
ln 2π − 1

2
αki∥wki∥2 − lnΓ(aα) + aα ln bα + (aα − 1) lnαki − bααki

]︃

= E
[︃
lnαki(

d

2
+ aα − 1) + αki(−bα − 1

2
∥wki∥2)−

d

2
ln 2π − lnΓ(aα) + aα ln bα

]︃

= lnαki(
d

2
+ aα − 1) + αki(−bα − 1

2
Ew

[︁
∥wki∥2

]︁
) + const.

36



By taking the expectations over all parameters except αki, we find a solution, that can
be expressed as a Gamma Distribution

Q(α) =
K∏︂

k=1

Q∏︂

i=1

Γ(αki|˜︁aα,˜︁b(ki)α ),

with

˜︁aα = aα +
d

2
,

˜︁b(ki)α = b(ki)α +
1

2
Ew

[︁
∥wki∥2

]︁
.

Updating x
The parameter updates for x can be derived with

ln q(xn|zn = δk) = E
[︃
znk ln p(tn, xn,Wk,µk, τ) + ln p(xn)

]︃

= E
[︃
d

2
ln 2π +

1

2
ln τ − 1

2
τ
(︁t⊤n tn − t⊤nWkxn − t⊤nµk − x⊤nW⊤

k tn + x⊤nW⊤
k Wkxn

+ x⊤nW⊤
k µk − µ⊤

k tn + µ⊤
k Wkxn + µ⊤

k µk

)︁
+

d

2
ln 2π +

1

2
ln |I|− 1

2
x⊤n xn

]︃

= x⊤n
(︁I+ Eτ [τ ]Ew[W⊤

k Wk]
)︁xn + xn Eτ [τ ]

(︃
Ew[W⊤

k ](tn − Ex[xn|k])
)︃
+ · · · .

Sorting all terms by their dependency on x, x⊤n xn and those that are not dependend on x,
we can see that the posterior distribution q(xn|zn = δk) is a Normal distribution, with
mean mx and covariance Σx. The derivation yields

Q(X|Z) =
N∏︂

Q(xn|zn = δk),

Q(xn|zn = δk) = N (xn|m(nk)
x ,Σ(k)

x ),

m(nk)
x = τ̄Σ(k)

x W̄⊤
k (tn − µ̄k),

Σ(k)
x =

(︁I+ τ̄ Ew[W⊤
k Wk]

)︁−1
.
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Updating τ

The posterior distribution over τ can be written as

ln q(τ) = E
[︃ N∑︂ K∑︂

ln p(tn|Wk,µk, τ) + ln p(τ)
]︃

= E
[︃ N∑︂ K∑︂

lnN (tn|Wkxn + µk)
znk + ln p(τ)

]︃

= E
[︃ N∑︂ K∑︂

znk

[︃
d

2
ln 2π +

1

2
ln τ − 1

2
τ

(︃
t⊤n tn − t⊤nWkxn − t⊤nµk − x⊤nW⊤

k tn + x⊤nW⊤
k Wkxn

+ x⊤nW⊤
k µk − µ⊤

k tn + µ⊤
k Wkxn + µ⊤

k µk

)︃]︃
− lnΓ(aτ ) + aτ ln bτ + (aτ − 1) ln τ − bττ

]︃

= E
[︃
ln τ(︁aτ − 1 +

N∑︂ K∑︂ 1

2

)︁

+ τ

(︃
− bτ −

1

2

N∑︂ K∑︂
znk

[︃
t⊤n tn − t⊤nWkxn − t⊤nµk − x⊤nW⊤

k tn + x⊤nW⊤
k Wkxn

+ x⊤nW⊤
k µk − µ⊤

k tn + µ⊤
k Wkxn + µ⊤

k µk

]︃)︃]︃
.

Taking the expectations and sorting the terms leads to

ln τ(︁ aτ − 1 +
Nd

2⏞ ⏟⏟ ⏞
˜︁aτ−1

)︁
,

˜︁aτ = aτ − 1 +
Nd

2
,

and

˜︁bτ = bτ +
1

2

N∑︂ K∑︂
E[znk]

[︃
t⊤n tn + µ⊤

k µk + tr(E[W⊤
k Wk]E[xnx⊤n |k])

+ 2E[µ⊤
k ]E[Wk]E[xn|k]− 2t⊤n E[Wk]E[xn|k]− 2t⊤n E[µk]

]︃
.
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Updating the projection matrixW
To update the parameters of the posterior over W we can write

ln q(wki) = E
[︃ N∑︂ K∑︂

ln p(tn|Wk,µk, τ) + ln p(wki|αki)

]︃

= E
[︃ N∑︂ K∑︂

lnN (tn|Wkxn + µk)
znk + ln p(τ)

]︃

= E
[︃ N∑︂ K∑︂

znk

[︃
d

2
ln 2π +

1

2
ln τ

− 1

2
τ

(︃
t⊤n tn − t⊤nWkxn − t⊤nµk − x⊤nW⊤

k tn + x⊤nW⊤
k Wkxn

+ x⊤nW⊤
k µk − µ⊤

k tn + µ⊤
k Wkxn + µ⊤

k µk

)︃]︃

+ ln
[︃(︃

αk

2π

)︃d/2

exp
{︃
− 1

2
αk∥wki∥2

}︃]︃
.

Sorting the terms and evaluating expectations we get

Σ
(k)
w =

(︃
diagE[αk] + E[τ ]

N∑︂

n=1

E[znk]E[xnx⊤n |k]
)︃−1

and

m(ki)
w = Σw E[τ ]

N∑︂

n=1

E[znk]E[xn|k](tni − E[µi]).

39



Updating the means µ

For µ we can derive the parameter updates with

ln q(µ) = E
[︃ N∑︂ K∑︂

ln p(tn|Wk,µk, τ) + ln p(µ)
]︃

= E
[︃ N∑︂ K∑︂

znk lnN (tn|Wkxn + µk) + lnN (µ|0,β−1I)
]︃

= E
[︃ N∑︂ K∑︂

znk

[︃
d

2
ln 2π +

1

2
ln τ

− 1

2
τ

(︃
t⊤n tn − t⊤nWkxn − t⊤nµk − x⊤nW⊤

k tn + x⊤nW⊤
k Wkxn

+ x⊤nW⊤
k µk − µ⊤

k tn + µ⊤
k Wkxn + µ⊤

k µk

)︃]︃

+
d

2
ln 2π +

1

2
ln |β−1I|− 1

2
µ⊤β−1Iµ,

which can be written as

Q(µ) =

K∏︂
N (µk|m(k)

µ ,Σ
(k)
µ ),

where

Σ
(k)
µ =

(︃
β + E[τ ]

N∑︂

n=1

E[znk]
)︃−1

Id

and

m(k)
µ = Σ

(k)
µ E[τ ]

N∑︂

n=1

E[znk](tn − E[Wk]E[xn|k]).
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Updating the mixture weights π

The updates for the parameters of the mixture weights π can be derived with

ln q(πk) = E[ln
N∏︂

p(znk|πk)] + E[ln p(πk)]

= E[
N∑︂

znk lnπk] + E[lnDir(πk|˜︁u(k))]

= E[(
N∑︂

znk) lnπk] + E[(uk − 1) lnπk] + const

= E[(
N∑︂

znk)] + (uk − 1)
⏞ ⏟⏟ ⏞

(˜︁uk−1)

lnπk + const,

leading to the update

˜︁uk = uk +

N∑︂

n=1

E[znk].

To summarize the derivation, the resulting q-distributions conclude to

Q(µ) =

K∏︂
N (µk|m(k)

µ ,Σ
(k)
µ ),

Q(W) =

K∏︂

k=1

D∏︂

i=1

N (˜︁wki|m(ki)
w ,Σ(k)

w ),

Q(τ) = Γ(τ |˜︁aτ ,˜︁bτ ),

Q(Π) =

K∏︂
Dir(πk|˜︁u(k)),

Q(Z) =
N∏︂

Q(zn).
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In Figure 3.3, we apply the derived equations on a 3-dimensional spiral dataset and show
the distribution of the mixture components along the spiral. Also shown in color, is the
assignment of the datapoints to the sub-models, given by znk. We see that the BMPCA
algorithm suppresses some of the mixture components by driving their mean values to 0,
and not assigning any datapoints to them.
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Figure 3.3: BMPCA applied to a three-dimensional spiral dataset, using 7 mixture compo-
nents. The bigger points describe the mean of each model, while the smaller
points represent the given data. Each point is colored according to its assign-
ment to one of the mixture components. In this case, model number 4 and
5 have been automatically suppressed by the BMPCA algorithm, and their
means were forced to be 0, moving them to the origin.
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4 Variational Locally Projected Regression

After building up the foundations, we now formulate the proposed Variational Locally
Projected Regression model.

4.1 Motivation

When doing regression on a dataset, using probabilistic mixture models, often times the
data contains several repetitive structures. As a simple example, lets do regression on a
sine function, using 6 linear models as the mixture components.

Figure 4.1: Sine Example – Approximation of a sine function, with several linear local
models. The red and blue lines illustrate how multiple local models can have
similar parameter solutions, when repeating structure is present in a dataset.

The points in Figure 4.1 depict the learned mean of each component, while the lines
represent a learned parameter, in this case the slope of the underlying sine function. We
can see that all the sub-models shown in red, have the same model parameters, except
for a shift in the mean. The same happens with all the sub-models shown in blue.

When doing regression on this data directly like Dirichlet Process Mixtures of Generalized
Linear Models (DP-GLM) [17], this repeating structure can result in several mixture
models having similar solutions for their parameters. To reduce the parameter redundancy,
we project the dataset into a higher-dimensional latent space, such that the repeating
structure simplifies under the projection. In the sine-example, the means of each "red"
model, and the means of each "blue" model, could be projected onto the same coordinate
in the latent space. Doing this will enable us to approximate the dataset with fewer
mixture components or fewer parameters.

43



Let the dataset consist of pairs of datapoints (xn, yn) which can be seen as the inputs
and outputs of the underlying process that we want to approximate. Both xn and yn are
vectors of dimension D. Furthermore let K be the number of mixture components.

We now project each input sample xn onto a corresponding latent variable hn by using a
projection matrix Wk and a translation vector bk, such that hn = Wkxn + bk. The latent
variable hn is of dimension Q, where Q > D.

We then transform hn into the ouput space with dimension D, projecting it onto the
output samples yn. For this projection we introduce a projection matrix Ak and a
translation vector ck, such that yn = Akhn + ck. Which of the components relates to a
given datapoint is represented in a latent variable znk, which is equal to 1 for only one
component k per datapoint n, and 0 for all other components.

In order to find a set of parameters, that minimize the approximation error, we use VI to
find iterative update equations.

The graphical model of this approach is shown in Figure 4.2.

xn hn

zn

π

yn

α

N

θk

λ

K

Figure 4.2: The input space xn is projected onto the latent variable hn and then project
onto the output space yn. TheK mixture components are characterized by a
set of parameters θk and assigned to each datapoint by zn.
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4.2 Model Definition

We now construct the model equations for Variational Locally Projected Regression. To
formulate this within a probabilistic framework, we introduce prior distributions over the
model parameters, as well as the Likelihood functions for the variables.

The categorical mixture weights π are sampled from a Dirichlet distribution, which is
parametrized by a vector u, as

π ∼ Dir(π|u).

The projection matrices W and A are sampled from Matrix-Normal distributions, with
their variance matrices Λ and ∆ come from a Wishart distribution, and the translation
vectors b and c from Normal distributions. The sampling process is described by

Λ ∼ W(Ψ, ν),

∆ ∼ W(Θ,φ),

W ∼ MN (V,Λ,P),
A ∼ MN (M,∆,K),
b ∼ N (mb,κΛ),

c ∼ N (mc, g∆).

The variance matrices Λ and ∆ are shared between the Matrix-Normal and Normal
distributions.

We sample the mean and variance for the density over x from a Normal-Wishart distribu-
tion

Γ ∼ W(Ξ, ξ),η ∼ N (γ,βΓ),

and to generate x we use a Normal distribution

x ∼ N (η,Γ).

The one-hot labels z are sampled from a Categorical distribution parametrized by π
with

z ∼ Cat(π).
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The density of h given the selection variable z, the input datapoints x is modeled by
h ∼ N (Wx+ b,Λ), and y is generated by y ∼ N (Ah+ c,Λ).

The complete set of model equations with the complete data likelihood is summed up
below.

Complete data likelihood

p(x, y) = p(y|h, z)p(h|x, z)p(x|z)p(z)

Likelihood distributions

p(z = δm|π) = πm

p(h|x, z) = N (h|z,Wx+ b,Λ)

p(y|h, z) = N (y|z,Ah+ c,∆)

p(x|z) = N (x|z,η,Γ)

Prior distributions

p(W,Λ,b) = N (W|V,Λ,P)W(Λ|Ψ, ν)N (b|mb,κΛ)

p(A,∆, c) = N (A|M,∆,K)W(∆|Θ,φ)N (c|mc, g∆)

p(η|Γ)p(Γ) = N (η|γ0,βΓ)W(Γ|Ξ0, ξ0)

p(π) = Dir(π|u)
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4.3 Variational Inference Derivation

We now derive update equations with variational inference for all variables Θ

Θ = [z,π,W,Λ,A,∆,η,Γ,h].

Here we use the mean-field assumption, which states that the posterior densities can be
factorized with

Q(Θ) = Q(z)Q(π)Q(W,Λ)Q(A,∆)Q(η,Γ)Q(h).

4.3.1 Updating the mixture weights π

To derive the posterior over π, we take the expectation over all variables except π, for
the log of all terms that depend on π, using

ln q(πk) = Eq(z)[ln
N∏︂

p(znk|πk)] + Eq(z)[ln p(πk)]

= Eq(z)[

N∑︂
znk lnπk] + Eq(z)[lnDir(πk|˜︁u(k))]

= Eq(z)[(

N∑︂
znk) lnπk] + Eq(z)[(uk − 1) lnπk] + const

= Eq(z)[(
N∑︂

znk)] + (uk − 1)
⏞ ⏟⏟ ⏞

(˜︁uk−1)

lnπk + const.

The update for the parameters u result in

˜︁uk = uk +
N∑︂

E[znk].
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4.3.2 Updating the projection matrixW
Here we update the parameters of the density over the projection matrix W, to obtain
new values for P and V. We again take the expectations over all variables except of W
itself. For the updates, we get

ln q(W|Λ) = Eq(z,b,h) [ln p(H|Z,X,W, b,Λ) + ln p(W|Λ))]

= Eq(z,b,h)

[︄
K∑︂

k=1

N∑︂

n=1

znk lnN (hn|Wkxn + bk,Λ)

]︄
+

K∑︂

k=1

lnMN (Wk|V0,Λ,P0, )

= − 1

2

K∑︂

k=1

N∑︂

n=1

rnk
[︁
(h̄n −Wkxn − b̄k)

⊤Λ(h̄n −Wkxn − b̄k) + tr(ΛΣ−1
h )

]︁

− 1

2

K∑︂

k=1

tr(P0(Wk − V0)
⊤Λ(Wk − V0)) + const

= − 1

2

K∑︂

k=1

tr(RH̄⊤
ΛH̄− 2RH̄⊤

ΛWkX− 2RH̄⊤
ΛB̄k

+ RX⊤W⊤
k ΛWkX+ 2RX⊤W⊤

k ΛB̄k + RB̄⊤
k ΛB̄k + RΛ

N∑︂

n=1

Σ−1
h )

− 1

2

K∑︂

k=1

tr(P0W⊤
k ΛWk − 2P0W⊤ΛV0 + P0V⊤

0 ΛV0) + const

= −1

2

K∑︂

k=1

tr(−2W⊤
k Λ(V0P0 + H̄RX⊤ − B̄kRX⊤) +W⊤

k ΛWk(P0 + XRX⊤)) + const,

and

P = P0 + XRX⊤

V = (V0P0 + H̄RX⊤ − B̄kRX⊤)(P0 + XRX⊤)−1.
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4.3.3 Updating the translation vector b
The parameter updates for b are given by

ln q(b|Λ) = Eq(z,W,h) [ln p(Y|Z,X,W, b,Λ)] + ln p(b|Λ)

= − 1

2

K∑︂

k=1

N∑︂

n=1

rnk
[︁
(h̄n − W̄kxn − bk)

⊤Λ(h̄n − W̄kxn − bk) + tr(ΛΣ−1
h )

]︁

− 1

2

K∑︂

k=1

(bk −mb0)
⊤κ0Λ(bk −mb0) + const

= −1

2

[︄
K∑︂

k=1

(κ0 +
N∑︂

n=1

rnk)b
⊤
k Λbk − 2

K∑︂

k=1

b⊤k Λ(κ0mb0 +
N∑︂

n=1

rnk(h̄n − W̄kxn))

]︄
+ const,

and

κ = κ0 +

N∑︂

n=1

rnk

mb =
κ0mb0 +

∑︁N
n=1 rnk(h̄n − W̄kxn)

κ0 +
∑︁N

n=1 rnk
.

Where we have used the following identities for the quadratic expectation terms,

Eh(h
⊤Λh) = h̄

⊤
Λh̄+ tr(ΛΣ−1

h ),

Eb(b
⊤Λb) = b̄

⊤
Λb̄+ tr(Λκ−1Λ−1)

= b̄
⊤
Λb̄+ κ−1d,

Ew(W⊤ΛW) = P tr(Λ−1Λ⊤) + V⊤ΛV
= Pd+ V⊤ΛV,

and the definition of the responsibility variable rnk

E[znk] = rnk.
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4.3.4 Updating the precision matrix Λ

For Λ we can derive

ln q(Λ) = Eq(z,W,b,h) [ln p(H|Z,X,W, b,Λ)] + ln p(Λ) + Eq(W,c) [ln p(W|Λ) + ln p(b|Λ)]

= Eq(z,W,b,h)

[︄
K∑︂

k=1

N∑︂

n=1

znk lnN (hn|Wkxn + bk,Λ)

]︄
+

K∑︂

k=1

lnW(Λ|Ψ0, ν0)

+ Eq(W)

[︄
K∑︂

k=1

lnMN (Wk|V0,P0,Λ)

]︄
+ Eq(c)

[︄
K∑︂

k=1

lnN (b|mb0 ,κ0Λ)

]︄

= +
1

2

K∑︂

k=1

N∑︂

n=1

rnk ln |Λ|− 1

2

K∑︂

k=1

N∑︂

n=1

rnkE
[︂
(hn −Wkxn − bk)

⊤Λ(hn −Wkxn − bk)
]︂

+
m

2

K∑︂

k=1

ln |Λ|− 1

2

K∑︂

k=1

E
[︂
tr(P0(Wk − V0)

⊤Λ(Wk − V0))
]︂

+
1

2

K∑︂

k=1

ln |Λ|− 1

2

K∑︂

k=1

E
[︂
(bk −mb0)

⊤(κ0Λ)(bk −mb0)
]︂

+
1

2

K∑︂

k=1

(ν0 − d− 1) ln |Λ|− 1

2

K∑︂

k=1

tr(Ψ−1
0 Λ) + const

= − 1

2

K∑︂

k=1

E
[︂
tr(RH⊤ΛH− 2RH⊤ΛWkX− 2RH⊤ΛBk

+ RX⊤W⊤
k ΛWkX+ 2RX⊤W⊤

k ΛBk + RB⊤
k ΛBk)

]︂

− 1

2

K∑︂

k=1

E
[︂
tr(P0W⊤

k ΛWk − 2P0W⊤ΛV0 + P0V⊤
0 ΛV0)

]︂

− 1

2

K∑︂

k=1

E
[︂
(b−mb0)

⊤(κ0Λ)(b−mb0)
]︂

+
1

2

K∑︂

k=1

N∑︂

n=1

rnk ln |Λ|+ m

2

K∑︂

k=1

ln |Λ|+ 1

2

K∑︂

k=1

ln |Λ|

+
1

2

K∑︂

k=1

(ν0 − d− 1) ln |Λ|− 1

2

K∑︂

k=1

tr(Ψ−1
0 Λ) + const

50



= − 1

2

K∑︂

k=1

tr(RH̄⊤
ΛH̄− 2RH̄⊤

ΛW̄kX− 2RH̄⊤
ΛB̄k

+ RX⊤W̄⊤
k ΛW̄kX+ 2RX⊤W̄⊤

k ΛB̄k + RB̄⊤
k ΛB̄k + RΛ

N∑︂

n=1

Σ−1
h )

− 1

2

K∑︂

k=1

tr(P0W̄⊤
k ΛW̄k − 2P0W̄⊤

ΛV0 + P0V⊤
0 ΛV0)

− 1

2

K∑︂

k=1

(b̄−mb0)
⊤(κ0Λ)(b̄−mb0)

+
1

2

K∑︂

k=1

N∑︂

n=1

rnk ln |Λ|+ m

2

K∑︂

k=1

ln |Λ|+ 1

2

K∑︂

k=1

ln |Λ|

+
1

2

K∑︂

k=1

(ν0 − d− 1) ln |Λ|− 1

2

K∑︂

k=1

tr(Ψ−1
0 Λ) + const

= − 1

2

K∑︂

k=1

tr(R(H̄− W̄kX− B̄k)(H̄− W̄kX− B̄k)
⊤Λ+ R(︁

N∑︂

n=1

Σ−1
h

)︁
Λ

− 1

2

K∑︂

k=1

tr((W̄k − V0)P0(W̄k − V0)
⊤Λ)

− 1

2

K∑︂

k=1

tr(κ0(b̄−mb0)(b̄−mb0)
⊤Λ)

+
1

2

K∑︂

k=1

(ν0 − d+m+

N∑︂

n=1

rnk) ln |Λ|− 1

2

K∑︂

k=1

tr(Ψ−1
0 Λ) + const,

leading to

νk = ν0 + 1 +m+

N∑︂

n=1

rnk,

Ψ−1
k = Ψ−1

0 +

N∑︂

n=1

rnk
[︁
(h̄n − W̄kxn − b̄k)(h̄n − W̄kxn − b̄k)

⊤ +Σ−1
h

]︁

+ (W̄k − V0)P0(W̄k − V0)
⊤ + κ0(b̄−mb0)(b̄−mb0)

⊤.
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4.3.5 Updating the projection matrix A

For the projection matrix A the parameter updates are derived by

ln q(A|∆) = Eq(z,c,h) [ln p(Y|Z,H,A, c,∆) + ln p(A|∆)]

= Eq(z,c,h)

[︄
K∑︂

k=1

N∑︂

n=1

znk lnN (yn|Akhn + ck,∆)

]︄
+

K∑︂

k=1

lnMN (Ak|M0,K0,∆)

= − 1

2

K∑︂

k=1

N∑︂

n=1

rnk(yn − Akh̄n − c̄k)
⊤∆(yn − Akh̄n − c̄k) + rnk tr(A⊤∆AΣ−1

h )

− 1

2

K∑︂

k=1

tr(K0(Ak −M0)
⊤∆(Ak −M0)) + const

= − 1

2

K∑︂

k=1

tr(RY⊤∆Y− 2RY⊤∆AkH̄− 2RY⊤∆C̄k

+ RH̄⊤A⊤
k ∆AkH̄+ 2RH̄⊤A⊤

k ∆C̄k + RC̄⊤
k ∆C̄k + RA⊤∆A

N∑︂

n=1

Σ−1
h )

− 1

2

K∑︂

k=1

tr(K0A⊤
k ∆Ak − 2K0A⊤∆M0 + K0M⊤

0 ∆M0) + const

= −1

2

K∑︂

k=1

tr(− 2A⊤
k ∆(M0K0 + YRH̄⊤ − C̄kRH̄⊤

)

+ A⊤
k ∆Ak(K0 +HRH⊤ + R

N∑︂

n=1

Σ−1
h )) + const,

resulting in

K = K0 +HRH⊤ + R
N∑︂

n=1

Σ−1
h ,

M = (M0K0 + YRH⊤ − C̄kRH⊤)(K0 +HRH⊤ + R
N∑︂

n=1

Σ−1
h )−1.
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4.3.6 Updating the translation vector c
To update g and mc we derive

ln q(c|∆) = Eq(z,A,h) [ln p(Y|Z,H,A, c,∆)] + ln p(c|∆)

= − 1

2

K∑︂

k=1

N∑︂

n=1

rnk(yn − Ākh̄n − ck)
⊤∆(yn − Ākh̄n − ck)

− 1

2

K∑︂

k=1

(ck −mc0)
⊤g0∆(ck −mc0) + const

= −1

2

[︄
K∑︂

k=1

(g0 +
N∑︂

n=1

rnk)c
⊤
k ∆ck − 2

K∑︂

k=1

c⊤k ∆(g0mc0 +
N∑︂

n=1

rnk(yn − Ākh̄n))

]︄
+ const,

resulting in

g = g0 +

N∑︂

n=1

rnk,

mc =
g0mc0 +

∑︁N
n=1 rnk(yn − Ākh̄n)

g0 +
∑︁N

n=1 rnk
.

4.3.7 Updating the latent variable h
For q(hn) we derive very similar to the previous parameters

ln q(hn) = EΘ

[︁ ln p(yn|zn,Ahn,∆) + ln p(hn|zn,Wxn,Λ)
]︁

= E
[︃ k∑︂

znk
[︁ lnN (yn|zn,Akhn + ck,∆k) + lnN (hn|zn,Wkxn + bk,Λk)

]︁]︃

=

K∑︂

k=1

rnk
(︁y⊤n ∆̄kyn − y⊤n ∆̄kĀkhn − y⊤n ∆̄kc̄k − h⊤

n Ā⊤
k ∆̄kyn + h⊤

n Ā⊤
k ∆̄kĀkhn − c̄⊤k ∆̄kyn

+ h⊤
n Ā⊤

k ∆̄kc̄k − c̄⊤k ∆̄kĀkhn + c̄⊤k ∆̄kc̄k + dg−1 + Kd+ h⊤
n Λ̄hn − h⊤

n Λ̄W̄kxn
− h⊤

n Λ̄b̄k − x⊤n W̄⊤
k Λ̄hn + x⊤n W̄⊤

k Λ̄W̄kxn
+ x⊤n W̄⊤

k Λ̄b̄k − b̄⊤k Λ̄hn + b̄⊤k Λ̄W̄kxn + b̄⊤k Λ̄b̄k + κ−1d+ x⊤n Pdxn
)︁
,

leading to
Σh =

(︁Ā⊤
k ∆̄Āk + Λ̄

)︁−1
,

mh = Σh

[︁
(y⊤ − c̄⊤)∆̄Āk + (x⊤W̄⊤

+ b̄⊤)Λ̄]︁
.
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4.3.8 Updating the precision matrix∆

The posterior of ∆ can be updated with

ln q(∆) = Eq(z,A,c,h) [ln p(Y|Z,H,A, c,∆)] + ln p(∆) + Eq(A,c) [ln p(A|∆) + ln p(c|∆)]

= Eq(z,A,c)

[︄
K∑︂

k=1

N∑︂

n=1

znk lnN (yn|Akhn + ck,∆)

]︄
+

K∑︂

k=1

lnW(∆|Θ0,φ0)

+ Eq(A)

[︄
K∑︂

k=1

lnMN (Ak|M0,K0,∆)

]︄
+ Eq(c)

[︄
K∑︂

k=1

lnN (c|mc0 , g0∆)

]︄

= +
1

2

K∑︂

k=1

N∑︂

n=1

rnk ln |∆|− 1

2

K∑︂

k=1

N∑︂

n=1

rnkE
[︂
(yn − Akhn − ck)

⊤∆(yn − Akhn − ck)
]︂

+
m

2

K∑︂

k=1

ln |∆|− 1

2

K∑︂

k=1

E
[︂
tr(K0(Ak −M0)

⊤∆(Ak −M0))
]︂

+
1

2

K∑︂

k=1

ln |∆|− 1

2

K∑︂

k=1

E
[︂
(ck −mc0)

⊤(g0∆)(ck −mc0)
]︂

+
1

2

K∑︂

k=1

(φ0 − d− 1) ln |∆|− 1

2

K∑︂

k=1

tr(Θ−1
0 ∆) + const

= − 1

2

K∑︂

k=1

E
[︂
tr(RY⊤∆Y− 2RY⊤∆AkH− 2RY⊤∆Ck

+ RH⊤A⊤
k ∆AkH+ 2RH⊤A⊤

k ∆Ck + RC⊤
k ∆Ck)

]︂

− 1

2

K∑︂

k=1

E
[︂
tr(K0A⊤

k ∆Ak − 2K0A⊤∆M0 + K0M⊤
0 ∆M0)

]︂

− 1

2

K∑︂

k=1

E
[︂
(c−mc0)

⊤(g0∆)(c−mc0)
]︂

+
1

2

K∑︂

k=1

N∑︂

n=1

rnk ln |∆|+ m

2

K∑︂

k=1

ln |∆|+ 1

2

K∑︂

k=1

ln |∆|

+
1

2

K∑︂

k=1

(φ0 − d− 1) ln |∆|− 1

2

K∑︂

k=1

tr(Θ−1
0 ∆) + const
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= − 1

2

K∑︂

k=1

tr(RY⊤∆Y− 2RY⊤∆ĀkH̄− 2RY⊤∆C̄k

+ RH⊤Ā⊤
k ∆ĀkH+ 2RH̄⊤Ā⊤

k ∆C̄k + RC̄⊤
k ∆C̄k + RĀ⊤

k ∆Āk

N∑︂

n=1

Σ−1
h )

− 1

2

K∑︂

k=1

tr(K0Ā⊤
k ∆Āk − 2K0Ā⊤

∆M0 + K0M⊤
0 ∆M0)

− 1

2

K∑︂

k=1

(c̄−mc0)
⊤(g0∆)(c̄−mc0)

+
1

2

K∑︂

k=1

N∑︂

n=1

rnk ln |∆|+ m

2

K∑︂

k=1

ln |∆|+ 1

2

K∑︂

k=1

ln |∆|

+
1

2

K∑︂

k=1

(φ0 − d− 1) ln |∆|− 1

2

K∑︂

k=1

tr(Θ−1
0 ∆) + const

= − 1

2

K∑︂

k=1

tr(R(Y− ĀkH̄− C̄k)(Y− ĀkH̄− C̄k)
⊤∆)

− 1

2

K∑︂

k=1

tr((Āk −M0)K0(Āk −M0)
⊤∆)

− 1

2

K∑︂

k=1

tr(g0(c̄−mc0)(c̄−mc0)
⊤∆)

+
1

2

K∑︂

k=1

(φ0 − d+m+

N∑︂

n=1

rnk) ln |∆|− 1

2

K∑︂

k=1

tr(Θ−1
0 ∆) + const,

yielding the update equations

φk = φ0 + 1 +m+

N∑︂

n=1

rnk,

Θ−1
k = Θ−1

0 +

N∑︂

n=1

rnk(yn − Ākh̄n − c̄k)(yn − Ākh̄n − c̄k)
⊤ +

N∑︂

n=1

rnkĀ⊤
k ∆ĀkΣ

−1
h

+ (Āk −M0)K0(Āk −M0)
⊤ + g0(c̄−mc0)(c̄−mc0)

⊤.
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4.3.9 Updating the one-hot latent variable z

Since most terms depend on z, this derivation is more involved, why it is split into parts
first, before reassembled in the end.

The derivation is split with

ln q(z) = Eh,A,C,∆,W,b,Λ,π

[︃
ln [︁p(y|h, z,A, c,∆)p(h|x, z,W,b,Λ)p(x|z,η,Γ)p(z|π)]︁

]︃

= Eh,A,C,∆,W,b,Λ,π

[︃
+

K∑︂

k=1

N∑︂

n=1

znk lnN (yn|Akhn + ck,∆)

⏞ ⏟⏟ ⏞
(1)

+

K∑︂

k=1

N∑︂

n=1

znk lnN (hn|Wkxn + bk,Λ)

⏞ ⏟⏟ ⏞
(2)

+

K∑︂

k=1

N∑︂

n=1

znk lnN (xn|ηk,Γk)

⏞ ⏟⏟ ⏞
(3)

+

K∑︂

k=1

N∑︂

n=1

znk lnπk
]︃
.
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Part (1) can be written as

EA,h,c,∆

[︃
y⊤n∆yn − y⊤n∆Akhn − y⊤n∆ck − h⊤

nA⊤
k ∆yn

+ h⊤
nA⊤

k ∆Akhn + h⊤
nA⊤

k ∆ck − c⊤k ∆yn + c⊤k ∆Akhn + c⊤k ∆ck
]︃

= y⊤n ∆̄yn − y⊤n ∆̄Ākh̄n − y⊤n ∆̄c̄k − h̄⊤
n Ā⊤

k ∆̄yn
+ Eh,A,∆[h⊤

nA⊤
k ∆Akhn] + h̄⊤

n Ā⊤
k ∆̄c̄k − c̄⊤k ∆̄yn + c̄⊤k ∆̄Ākh̄n + Ec,∆[c⊤k ∆ck]

= y⊤n ∆̄yn − y⊤n ∆̄Ākh̄n − y⊤n ∆̄c̄k − h̄⊤
n Ā⊤

k ∆̄yn
+ h̄⊤

nKdh̄n + tr(KdΣ−1
h ) + h̄⊤

n Ā⊤
k ∆̄Ākh̄n + tr(Ā⊤

k ∆̄ĀkΣ
−1
h ) + h̄⊤

n Ā⊤
k ∆̄c̄k

− c̄⊤k ∆̄yn + c̄⊤k ∆̄Ākh̄n + c̄⊤k ∆̄c̄k + tr(g−1I)
= (yn − Ākh̄n − c̄k)⊤∆̄(yn − Ākh̄n − c̄k) + h̄⊤

nKdh̄n + tr(KdΣ−1
h ) + g−1d+ tr(Ā⊤

k ∆̄ĀkΣ
−1
h ).

With ∆ being a symmetric precision matrix we can define

EA[A⊤
k ∆Ak] = K tr(∆−1∆⊤) + Ā⊤

k ∆Āk

= K tr(Id) + Ā⊤
k ∆Āk

= Kd+ Ā⊤
k ∆Āk,

Eh,A,∆[h⊤
nA⊤

k ∆Akhn] = Eh,∆[h⊤
n EA[A⊤

k ∆Ak]hn]

= Eh,∆[h⊤
n (Kd+ Ā⊤

k ∆Āk)hn]

= Eh,∆[h⊤
nKdhn] + Eh,∆[h⊤

n Ā⊤
k ∆Ākhn]

= h̄⊤
nKdh̄n + tr(KdΣ−1

h ) + h̄⊤
n Ā⊤

k ∆̄Ākh̄n + tr(Ā⊤
k ∆̄ĀkΣ

−1
h ),

and

Ec,∆[c⊤k ∆ck] = c̄⊤k ∆̄c̄k + tr(g−1I).
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Part (2) can be written as

Eh,W,b,Λ

[︃
− 1

2

K∑︂

k=1

N∑︂

n=1

znk(hn −Wkxn − bk)⊤Λ(hn −Wkxn − bk)
]︃

= Eh,W,b,Λ

[︃
− 1

2

K∑︂

k=1

N∑︂

n=1

znk(h⊤
nΛhn − h⊤

nΛWkxn − h⊤
nΛbk − x⊤nW⊤

k Λhn

+ x⊤nW⊤
k ΛWkxn + x⊤nW⊤

k Λbk − b⊤k Λhn + bkΛWkxn + b⊤k Λbk)
]︃

= −1

2

K∑︂

k=1

N∑︂

n=1

znk(Eh,Λ

[︃
h⊤
nΛhn

]︃
− h̄⊤

n Λ̄W̄kx̄n − h̄⊤
n Λ̄b̄k − x⊤n W̄⊤

k Λ̄h̄n

+ x⊤n EW,Λ

[︃
W⊤

k ΛWk

]︃
xn + x⊤n W̄⊤

k Λ̄b̄k − b̄⊤k Λ̄h̄n + b̄kΛ̄W̄kxn + Eb,Λ

[︃
b⊤k Λbk

]︃
)

= −1

2

K∑︂

k=1

N∑︂

n=1

znk(h̄⊤
n Λ̄h̄n + tr(ΛΣ−1

h )− h̄⊤
n Λ̄W̄kx̄n − h̄⊤

n Λ̄b̄k − x⊤n W̄⊤
k Λ̄h̄n

+ x⊤n (Pd+ W̄⊤
k Λ̄W̄k)xn + x⊤n W̄⊤

k Λ̄b̄k − b̄⊤k Λ̄h̄n + b̄⊤k Λ̄W̄kxn + b̄⊤k Λ̄b̄k + κ−1d)

= −1

2

K∑︂

k=1

N∑︂

n=1

znk((h̄n − W̄kxn − b̄k)⊤Λ̄(h̄n − W̄kxn − b̄k) + tr(ΛΣ−1
h ) + κ−1d+ dx⊤n Pxn)

= −1

2

K∑︂

k=1

N∑︂

n=1

znk((h̄n − W̄kxn − b̄k)⊤Λ̄(h̄n − W̄kxn − b̄k) + tr(ΛΣ−1
h ) + κ−1d+ dx⊤n Pxn),

where we used the identities

Eh,Λ[h⊤
nΛhn] = h̄⊤

n Λ̄h̄n + tr(ΛΣ−1
h ),

EW,Λ[W⊤
k ΛWk] = P tr(Λ−⊤Λ) + W̄⊤

k Λ̄W̄k

= Pd+ W̄⊤
k Λ̄W̄k,

and

Eb,Λ[b⊤k Λbk] = b̄⊤k Λ̄b̄k + tr(Λκ−1Λ−1)

= b̄⊤k Λ̄b̄k + κ−1d.
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Part (3) can be written as

Eη,Γ

[︃ K∑︂

k=1

N∑︂

n=1

znk ln p(xn|ηk,Γk)

]︃

=
K∑︂

k=1

N∑︂

n=1

znk

[︃
1

2
E[ln |Γk|]−

D

2
ln(2π)− 1

2
Eηk,Γk

[(xn − ηk)
⊤Γk(xn − ηk)]

]︃

=
K∑︂

k=1

N∑︂

n=1

znk

[︃
1

2
E[ln |Γk|]−

D

2
ln(2π)− 1

2
Eηk,Γk

[x⊤nΓkxn − x⊤nΓkηk − η⊤
k Γkxn + η⊤

k Γkηk]

]︃

=

K∑︂

k=1

N∑︂

n=1

znk

[︃
1

2
E[ln |Γk|]−

D

2
ln(2π)− 1

2
[(xn − η̄k)

⊤Γ̄k(xn − η̄k)]

]︃
,

with

ln Λ̃k ≡ E[ln detΛk]

=

D∑︂

i=1

ψ

(︃
νk + 1− i

2

)︃
+D ln 2 + ln detWk,

ln π̃k ≡ E[lnπk] = ψ(uk)− ψ(û).

The results from (1), (2), and (3) can now be combined to

ln q(z) = Eh,A,C,∆,W,b,Λ,π

[︃
ln [︁p(y|h, z,A, c,∆)p(h|x, z,W,b,Λ)p(z|π)]︁

]︃

= (1) + (2) + (3) + E[lnπk].
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4.3.10 Updating η and Γ

For the Normal-Wishart prior over η and Γ, we can see from the Variational Mixture of
Gaussians example in [6] that

q(ηk,Γk) = N (ηk|γk, (βΓk)
−1)W(Γk|Ξk, ξk),

with

βk = β0 +Nk,

γk =
1

βk
(β0γ0 +Nkx̄k),

Ξ−1
k = Ξ−1

0 +NkSk +
β0Nk

β0 +Nk
(x̄k − γ0)(x̄k − γ0)

⊤,

ξk = ξ0 +Nk + 1,

and

Nk =
N∑︂

n=1

rnk,

x̄k =
1

Nk

N∑︂

n=1

rnkxn,

Sk =
1

Nk

N∑︂

n=1

rnk(xn − x̄k)(xn − x̄k)⊤.

We now have the complete set of parameter update equations, to learn our model on a
given dataset.

60



4.4 Validation Examples

4.4.1 Cosmic microwave background dataset

To evaluate our algorithm, we apply it to the cosmic microwave background dataset [4],
which has an input and output dimensionality of 1, in Figure 4.3. We use 50 mixture
components, and a hidden space with dimensionality 3.

0 200 400 600 800
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−20000

−10000

0

10000

20000

y

Figure 4.3: The cosmic microwave background dataset approximated by the proposed
algorithm. The prediction mean is given by the red curve, while the 1,2,3
standard deviation is shown in purple.
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4.4.2 Regression on a Non-Linear Toy Dataset

The next example is a dataset, created by the function

y = sin(2x) + 2 exp(−16x2) +N(0, 0.16).

As shown in 4.4,we are able to successfully model the dataset with 25 mixture compo-
nents.

−2 −1 0 1 2
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0

1

2
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y

Figure 4.4: The derived algorithm applied to a non-linear toy dataset, with 25 mixture
components. The prediction mean is indicated in red, and the 1,2,3 standard
deviation is indicated in purple.
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5 Conclusion

We now conclude this thesis by giving a summary of the presented work, and offer an
outlook for potential future research.

5.1 Summary

We have shown how the PCA method is able to effectively reduce the dimensionality
of a given dataset, by projecting the datapoints onto a principal subspace with a given
dimension, such that the loss of information is minimal. We then introduced the proba-
bilistic formulation of PCA, called PPCA. This probabilistic treatment allows extending
the method to use the fully Bayesian framework and incorporating mixture models. In
chapter 2.3 we showed that BPCA can automatically infer the dimensionality of the
principal subspace from the data, and that an EM algorithm can be derived to efficiently
compute the solution, even for big datasets. The MPPCA algorithm showed how to
incorporate mixture models for PPCA, allowing to operate on complex datasets. We then
addressed how the mixture model approach can also be used with BPCA. BMPCA was
able to use a mixture of Bayesian principal component analyzers, while automatically
inferring the dimensionality of the latent space, as well as the number of models.

We presented the idea of Variational Locally Projected Regression, showing how it is
possible to make use of hidden structure, by projecting a given dataset onto a higher
dimensional latent space. Followed by a derivation of an algorithm with VI, that can
compute solutions even for complex datasets. The derived algorithm has then been
sucessfully used, to model two example datasets.

5.2 Future Work

In future research, several topics can still be addressed.

The method introduced in this thesis, makes use of mixture models where the number
of mixtures is a hyperparameter. To eliminate the need for this hyperparameter, an
extension to infinite mixture models could be formulated.
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Furthermore, similar to Deep Neural Networks (DNN), instead of using only a single pro-
jection layer, this method could be extended to make use of multiple hidden layers.

To improve the efficiency of the training phase, the stochastic updates could be imple-
mented over batches, such that scaling to larger datasets becomes feasible.

Due to using a Bayesian treatment, the prior distributions require several hyperparameters,
which have to be defined and rely on educated manual tuning. A method for optimizing
these parameters could increase the predictive performance and make the method easier
to use.

Finally the method could be applied to an inverse dynamics learning task, and tested on
a real platform.
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