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JJFSNJU WFSTJDIFSFJDI .BSFL %BOJW

*OGPSNBUJPOTTZTUFNUFDIOJL EJF WPSMIJFHFOEF #BDIFMPSBS
NJUEFOBOHFHFCFOFO 2VFMMFO VOE )JMGTNJUUFMO BOHFGFSL
2VFMMFO FOUOPNNFO XVSEFO TJOEBMT TPMDIFLFOOUMJDI HFNBI
JOHMFJDIFS PEFS ¢IOMJDIFS 'PSN OPDILFJOFS 1S°GVOHTCFI"SEF

.JSJTU CFLBOOU EBTT JN 'BMM FJOFT 1MBHJBUT f "CT "1# F
WPSMJFHU EFS EB[V G°ISU EBTT EJF "SCFJU NJU CFXFSUFU VOE
WFSCSBVDIU XJSE "CTDIMVTTBSCFJUFO E°SGFO OVS FJONBM XJF|

#FJEFSBCHFHFCFOFOSIFTJT TUIJNNFOEJFTDISIJGUMJIDIF VOE EJF [
FMFLUSPOJTDIF'BTTVOH HEN¢ef "CT "1#°CFSFJO

#FJFJOFS SIFTJT EFT 'BDICFSFJDIT "SDIJUFLUVS FOUTQSJDIU EJ
'BTTVOH EFN WPSHFTUFMMUFO .PEFMM VOE EFO WPSHFMFHUFO 1N\
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OMWX SJ *MKYVIW

4DPQF PG UIJT XPSL XIJDIJODMVEFTUIFDPMMFDUJPO PG EF
UIFGPSN PG BMGBEHFPBQI CBTFE SFQSFTFOUBUJPO PG UIF EFNP
UBTNJEEBIGE MFBSOJOH BT XFMM BT FYFDVUJPO PG DPOUSPM C
JNJUBUJPO CZ B IKBIWFWO® SPCPU

J)BOE MBOENBSLTBT TQFDJSFECZ .FEJB1JQF )BOET
7JTVBMJ[BUJPO PG "S6DP NBSLFS QPTF FTUJNBUJPO

&YBNQMFPGBWJTVBM FOUJUZ HSBIQA®BOBU S EFNPEOEVSIJOH -
TUSBUJPO %FQJDUFEJT UIF SFQSFTWH@WEUJPPEFT UIF IVNBO
Vp Vp Vp DPSSFTQPOEJOH UP SFMHYBPWO @ LCHKOFMD X JU I5B F

S TIBOQIFDVSSFOUMZ DPOTBBEPBPIFEDBRTF UIFIVNBO FYQFSU
NBOJQVMBUFT JU $POTFRVFOUMZ BMM FEHFT DPOOFDUFI
BDUJWF JO UIJT 7&(

&YUSBDUFE IVNBO IBOE QPTF UIBU TFSWFT BT BO PQUJNJ[BL
QBOEB HSNMGQHIST QPTF DPOTJTUT PG BDFOUSPJE SFQSFTF
CMBDIBPEUY BYE BYUISFHBYOWMVEIIJT JOGFSSFE QPTF JT
EFUFSNJOFECZ UIF EFUFDUFE QPTJUJPOT*P®B&NAF BOOPUBUF
5)6.# BOH%&9I@.%$1

7JTVBMJ[BUJPOPGPQUINBMHSIQQFS QPTFTJOUIF SFMBUJPC
EVSJOH UIF EJRFSFOUHSBTQJOH QIBTFT S5IFTF QIBTFT DP(
UP UIFQSF HSBTQ QPTJUJPO JJ DPOUJOVJOH UP UIF SOBM
DMPTJOH UIFHSJQQFS BOE SOBMMZ JW MJGUJOH UIF PCKFL

7JTVBMJ[BUJPO PG IBOE DSBGUFE SFMFBTF QIBTFT 5IFTF C
MPXJOH UIF VOQPMJTIFE EFNPOHAQNSBQFEVWEBKIFIDH B 572
PCKFDUQPTFJOB XBZUIBUBMJHOT POFPGJUTBYFT XJUIUIF
NJEEMVRQFOJOH UIF HSIQQFS BOE SPMEPNJOH UIF PCKFDU

4JOHMF GSBNF PGB DBQUVSFE EFNPOTUSBUJPO WIJIEFP 5IF ¢
FTUJNBUJPO BOE UIF PVUQVUT PG UIFIBOE EFUFDUJPO GSBN




7JTVBMJ[BUJPO PG SBX BOE SMUFSFE EBUB EJRFSFODFT 8
TQBUJBM EBUB GSPN BOOW@KED UOVMBBFC'/FNORFE-S NJEEMF *OHEF
SIJOH *OHHIBIOLZ *OHFS

7JTVBMJ[BUJPO PG TBNQMJOH TUSBUFHZ FRFDUT PO UIF PWF S
FRFDUPS USBKFDURSFERPEESMVRTPOE UP NPEJSFE BDUJPO TBNQ
XIJIMF UIF WSEMBFAMVMIPFAOHT UP FYFDVUJPO XJUI SBX (BVTTJBO T
8F DBO SFEVDF UPUBM DPTU EVSJON F§EBMHESBEPHOFUIHOJSDBOU
NVDI TNPPUIFS USBKFDUPSISTBIWWHEBE@BINF UINF

&YBNQMF PG B TPMWFE Z6CPOHP+« QV[[MF NBEF VQ PG DPNQ
DPMPSFE QJFDFT

11IPUP PG BNBOVBMMZ QSJOUFE Z6CPOHP+« QJFDF XJUI JODSFB
EJNFOTJPOT QFS DVCF B3N DN BT BOOPUBUFE

*OJUJBM $POSHVSBUJPOT $PSSFTQPOHBFWROJIJNF TUFQT BSH
3FBDIJOH *OJUJBM )VNBO 1PTF

%JSFDUMZ *NJUBUJOH %FNPOTUSBUFE 5BTL & YFDVUJPO
3FBDIJOH 51F 1SF (SBTQ 1PTJUPO

.PWJOH 5P (SBTQJOH 1PTJUJPO

$MPTJOH 5IF (SJQQFS

-JGUJOH 5IF0CKFDU

%JSFDUMZ *NJUBUJOH %FNPOTUSBUFE 5BTL & YEDVUJPO
%JSFDUMZ *NJUBUJOH %FNPOTUSBUFE 5BTL & YFDVUJPO
3FBDIJOH 1SF 3FMFBTF 1PTF

3EFMFBTJOH 5IF )FME OCKFDU

%JSFDUMZ *NJUBUJOH %FNPOTUSBUFE 5BTL & YFDVUJPO

4IJNVMBUJPO PG UIF SFTVMUJOH JNJUBUJPO 4IPXOIFSFJT UIF
UBTLJO UIF TFRVW RO MIEAWIBM DPOSRQSBISHI PO
QSF HSBTCRBUPNSMAGWHEBFTUUPN SSBHIWSFMFBTF




4INVMBUJPO PG UIF SFTVMUJOH JNJUBUJPO 4IPXO IFSFJT L
IMBDF UBTL JO UIF TBRQAOMFUBIWIOH IVNBOWREBOTJUJPO

SIHIUFDPOE QSF HSBAWUPRTWPEGO E HGBUQPN SJHIU
TFDPOE SFMFBTF




'PS NZGBNIJMZBOEBMM GSJFOET XIP BDDPNQBOZ NF BMP(




"DLOPXMFEHFNFOU

SIJTUIFTJT XPVME OPU IBWF CFFO QPTTJCMF XJUIPVU UIF PVUTUB
+PB$BSWBMIP BOE 4VNBO 1BM

*BNWFSZHSBUFGVM UP BMM NFNCFST PG UIF *"4 MBC XIP P)FSFE N
SFBM SPCPUJD TZTUFNT BOEDSFBUFE B HSFBU MFBSOJO|

4QFDIJBM UIBOLTUP NZ SPPNNBUF %PSJBO 8JFTF GPS UIF FYDFQUJF




"CTUSBDU

OOF QSPCMFN PG NPEFSO SPCPUJDTJT UIBU UFBDIJOH B SPCPU UP
SFRVISFTFYQFSULOPXMFEHF UJNF BOENBOZQIZTJDBM USJBMT
IVNBOT DBO MFBSO B OFX TLIMM NVDI NPSF FUDJFOUMZ CZTINQM:
PODF S5IFBIJNPGUIJTUIFTITIJTUPJOUSPEVDFBDPNQMFUF QJQF
FYFDVUJPO XIJDIFOBCMFTUSBJOJOHB SPCPU XJUIUIFJOGPSNB
TIOHMF IVNBO EFNPOTUSBUJPO 1SFWJPVT NFUIPET SFMZ PO MBSH
DPNQMFY WJTVBM EFUFDUJPO OFUXPSLT PS BDDFTT UP NBOZ PQU.
MFBSOJOH )PXFWFSPOFQBRQBPBBI UIBU MIFT JOINFVEEWNBJIO PG
JNJUBUJPO MPRUISOUBBE XFJOUSPEVDFBNFUIPE GPS FUDJFOU EB
3(#% WJIJEFP BHSBQI CBTFEUBTL SFQSFTFOUBUJPO UIBU BMMPXT
SOBMMZ B NPEFM QSFEJDUJWF DPOUSPM BMHPSJUINVTJOH B DPN
XFMM BT GVODUJPOT FOGPSDJOHBVYJIJMJBSZ SFRVIJSFNFOUT PG S
TPMVUJPOT UP QSPCMFNT BSJTJOH GSPNWJTVBM JOGFSFODF UIF
JOBDDVSBDJFTJO UIFTZTUFN NPEFM BOE FYFDVUJPOT XJUIJO OF
TUVEZ PVS SFTVMUT POB1ZCVMMFU TINVMBUJPO PG UIF 'SBOLB 1E
WJEFPT DBQUVSFE JO UIF SFBM XPSME UIBU SFWPMWFE BSPVOE UIT
TPDJBM HBNF Z6CVOHP-




@ -RXVSHYGXMSR

-FBSOJOH CZ XBUDIJOH PUIFSTJT BO JOUFHSBM XBZPGIVNBO TLJ
UFDIOJRVF GPS SPCPUT IBT CFDPNFB CJHUPQJD JO NBDIJOF MFB S
XPVME FOBCMF UIFN UP MFBSO DPNQMJDBUFE UBTLT GSPN IVNBO F
OBUVSBM GPS UIFJS UFBDIFST )VNBOTBMSFBEZ TIPX UIF HSFBU QC
IBWF UIFJIJNQSFTTIJWFBCJMJUZ UP JNJUBUF BOPUIFSIVNBO CFJOH
OFXTLIJMM PODF XIJMFBMTP BEBQUJOH UIF NPUJPO UP PVS NPSQI
FOWJSPONRFBIPYTBOET PG IPVSTPGUVUPSIBM WIJEFPT CFJOH VQM
QMBUGPSNTBMSFBEZ FODPEF LOPXMFEHF BCPVU FWFSZ DPODFJW
MFBSOJOH PG OFX TLIMMT XJUI KVTUB GFXDMJDLT 60OMPDLJOH UlI.
BOQQSPBDIFTPS SOEJOHB XBZUP USBOTQPSULOPXMFEHF GSPN B
XBZ XPVME MFWFSBHF UIF OFFE GPS NBOVBM QSPHSBNNJOH PS DPN
SPCPUPOBOFXUBTL 8F QSPQPTF B GSBNFXPSL DPWFSJOH FWFS.
GSPNDBQUVSJOHBEFNPOTUSBUJPO WJEFP XJUI EFQUI EBUB UP UI
CZBOBSCJUSBSZ SPCPU 0OVS NFOFPHRBBUIDHPOMZ B TIOHMF WJE
EFNPOTUSBUJPO PG UIFUBTLBOE SFRVJSFT OP QSJPS USBJOJOH
HFOFSBMJ[FUIFTFFOFYFDVUJPO UP UIF XPSLTQBDF PG B HIWFO ¢
EJRFSFODFTJO JOJUJBM QPTFT PG UBTL SFMFWBOU PCKFDUT $P
EFNPOTUSBUJPO UP CF DBQUVSFEJOBO FOWJSPONFOU UIBUJT OB
BDMVUUFSFE PUDFEFTL CVUFYFDVUFEJO UIF FOWJSPONFOU PG




Video demonstration Task representation Execution of learned policy
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*MKYVIFIGE8TI SI XLMW [SVO [LMGL MRGPYHIW XLI GSPPIGXMSR S1J
XLIJISVQ SJ EPAMKEIKRVETL FEWIH VITVIWIRXEXMSR SJ XLI HIC
XEWQMHHEPRH PIEVRMRK EW [IPPEW INIGYXMSR SIGSRXVSP
MQMXEXMSR F] EXMELK VSFSX

SP BDDPNQMJTIUIFTF HPBMT XF QSPQPTFJ EBUBDPMMFDUJPO QJ
HSBQI CBTFEUBTL SFQSFTFOUBUJPO© BOEBESBEVIDREUPHIUP KEFEBIS©
TUBUF CBTFEDPTU GVODUJPO GSPNJU S5IJTDPTUJT QBSU PG B NP
upPpJw GBDJMJUBUF UIFJNJUBUJPO PG UIF EFNPOTUSBUFE TLIMM \
TJEF HPBMT PG SPCPUNBOJQVMBUJPO 8F TIPXW SFTVMUT XJUI E
DPVMECF SFDSFBUFEJOB SFBMTZTUFN JO UIF GVUVSF XJUIPVU S
BTTVNFBO 3(# % WJEFP XJUI QSF MBCFMFE PCKFDUT BT USBJOJO}
EZOBNJDT NPEFM GPS UIFBHFOUET FOWJSPONFOU

g g 6IPEXIH[SVO

-FBSOJOH GSPN EFNPOTUSBUJPOJT B DPNNPO TUSBUFHZ JO 3FJOGI
#FIBWJPS DMPOJOH < >BOE *OWFSTF 3FJOGPSDFNFOU -FBSOJOH =+
BQQSPBDIFT 8IJMFCPUIBJNUPJOGFS LOPXMFEHF GSPN PCTFSW.
HIWFO UBTL UIF SSTUEFSIWFTBO PQUJNBM TUBUF BDUJPO NBQQJ
BDPTUGVODUJPO )PXFWFS NBOZPGUIFTFUFDIOJRVFT SFRVJSF
DPOTJTUT PG LJOFTUIFUJD UFBDIJOH< >< > J F QIZTJDBMMZ HV
FOWJSPONFOU JUJTTVQQPTFE UP QFSGPSNUIF TLIMM JO 5I1JT S
FYQFSUJO UIF EFNPOTUSBUJPO IBT UIF TBNF EZOBNJDT BDUJPO T
BHFOU EVSJOH UIFJNJUBUJPO < > XIJDIEPFT OPUIPME VQ GPS MF
FTQFDJBMMZ XIFOBIVNBO FYFDVUFT UIFUBTL 51JT QSPCMFEN JT C




EJUDVMUZ PG JOGFSSIJOHTZTUFN TUBUFTPS FYQFSUBDUJPOT GS
XIJMFIVNBOT DBO EP UI3TAPENFVEBS@BWMIPBDIFT DISDVNWFOU UIF WJTV
QSPCMFNCZVTJOH GVMM GSBNFJIJNBHF FODPEJOHI BTCMBUFOU TUI
JOUVSO SFRVIJSFBTFUVQ PG DPNQMFY OFVSBM OFUXPSLT UIBU C
BNPVOUT PG USBJOJOH EBUB 5IFZBMTP TVRFS GSPN CJBTFT JO PC’
CBDLHSPVOEPS WJFXJOHBOHMF OCKFDUPS GFBU¥3SBWHOUFSFE
CFFOTIPXOUP JODSFBTF EBUB FUDJFODZ X>WH HEBFQOK BRVEEBQQS|
QPQVMBS )PXFWFS FWFO WFSZEBUB FUDJFOU MFBSOJOHBQQSP
POF TIPUNFUIPET SFMZ PO NVMUJQMF QSFWJPVT FYQFSJNFOUT B~
TZTUFN NPEFMI RTUBCMJITI B MIJCSBSZ PG @SENBUBWKBS N AMWFBNSROG-ET <
QBSBNFUFSTBSFDPNNPOMZBEKVTUFEUP B OPWFM TDFOBSJP JO
IBWF EFDJEFE OPUUP VTFBOZQSJPSUSBJOJOHJOBHJIJWFO TFUU.
MPXBTQPTTJCMF "DDPSEJOHMZ XF XBOU UP EFSIJWF BDPOUSPM Q
FYFDVUJPO UIBUIBT UP CFHFOFSBMJ[FE FOPVHI UP XPSLJO VOTFF
BSCJUSBSZBHFOU 8FBMTP SFRVIJSFPVSDPOUSPM NFUIPE UP TVU
NBOJQVMBUJPO TVDIBT DPMMJTJPO BOETJOHVMBSJUZBWPJEBO
SFBDUJWJUZ 5IFTF DPOEJUJPOT DBO CF QSPCMFNBUJD GPS BQQSP
BDUJPGT&GVUDPTU CBTFEUFDIOJRVFT MJLF RKREFBIMMSFPEGPSIWF L
UIFQBSBMMFM DPNQMFUJPO PG NVMUJQMF TJEF HPBMT XIJMF DP N (
BDPNQPTJUJPO PG EJRFSFOU HPBM TQFDJSD DPTU GVODUJPOT B
QPMJDJFTUIBUBSFMPDBMMZ PQUIJNBM SFHBSEJOH UIFDVSSFOU




q *SYRHEXMSRW

g 9 ,ERH (IXIGXMSR %RH4SWI)WXMQEXMSR

OVS UBTL SFQSFTFOUBUJPO SFMJFT PO UIFQPTF PG UIFIVNBO FYQI
5P FTUIJNBUFJU XFVTFUIFTUBUF PG UFEBBIUIRFYBDEIPO GSBNF
XIJDIDPOTJTUT PG UXP TUBHFT 'JSTU B QBMNEFUFDUPSJT SVO P
UIFIBOEDFOUFS "GUFSXBSE B NPSF QSFDJTF NPEFM XJMM EFUFS
TQFDJSD MBOENBSLT BT TFFO JO SH SIJTBQQSPBDINBLFT UIF
BHBJOTU QBSUJBM JOWJTJCMF IBOETBOE TFMG PDDMVTJPOT )PX
FYQFSINFOUTUIBUUIFSFBSFUSPVCMFT XJUI MPOH TMFFWFT XI1JI
JOUIFUSBJOJOH EBUB 8F VTFUIJT GSBNFXPSLUPHFUUIF MPDBU
5)6 . #@5*1%&9@"'*/ (&3 @CGHMHN&I@'*/(&3@O$QIYFM DPPSEJOBUFT GPS
GSBNF 5IFTFDPPSEJOBUFT DBOCFUSBOTGPSNFEJOUP TQBUJBM
QPJOUDMPVE QSPWIEFERCZUPYBS B (8 @HDBNBS B

®
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g g 3FNIGX 4SWI )WXMQEXMSR

5P GBDIJMJUBUF PCKFDU QPTF FTUJNBUJPO GSPN WJEFP EBUB BOE
BQPQVMBS BQQSPBDIJO $PNQVUFS 7JTJPO 'JEVDJBM NBSLFST
XJUI US6DWICSBSZ&EQPO®7> "MUIPVHIUIJT BQQSPBDIIBT MPXFS B
BOEBIJHIWVMOFSBCIMJUZ UP PDDMVTIPOT JUSFRVJSFT B NJOJ
TINJMBS NFUOIRBTMIBPLGUFS QSF HFOFSBUJOH B TFU PG SEVDJBI
QMBDJOHUIFN POUBTL SFMFWBOU PCKFDUT XFDBO FTUJNBUF UI
JNBHFT 4JODF XFDBMDVMBUF UIF QPTF PG UIF NBSLFS UIFVTFS I
USBOTMBUJPO BOE SPUBUJPO UP UIF PSJHJO PG UIF PCKFDU DPPS
USBOTGPSNBUJPO DBO CF DBMDVMBUFE GPS JOEJWJEVBM PCKFDL
VOJRVF JE

*MKYVIrr -MWYEPMA"EXMSR SJ %V9GS QEVOIV TSWIIWXM

uw



gr 1IIEWYVMRK (MWXERGIW &IX[IIR3VMIRXEXMSR)

0SJFOUBUJPOT PG FOUJUJFT JOHFOFSBM DBOCFEFTDSJCFEBT
POUPUIFJS MPDBM BYFT "DPNNPO NFUIPE JO SPCPUJDT BOE DP N(
SPUBUJPOTJOUISFF EIJNFOTJPOBM TQBDFJT VTJOH VOJU RVBUFS
RVBUFSOJPOT UIFJS OPSNBOEUIFJSDPOKVHBUF BT

R= qo+ igy + kap + gz
q
if= g+g+g+d=1
R=q iq kg Ilgs

OUIFS GPSNTPGFYQSFTTJPO &VMFS"OHMFT GPS FYBNQMF TVRF:
BOE NPSFUJNF JOUFOTJWF DBMDVMBUJPOT OVSDPTU GVODUJPO
CFUXFFO PSJFOUBUJPOT XIJDI SFRVJSFTB SPCVTU GPSNVMBUJPC
UIFNBHOJUVEF PG UIF SPUBUJPO UIBUUSBOTGPSNT POF PSJFOUB
UIFNFOUJPOFE SPUBUJPO B TRY;IEXVIDIUT R WBWUHTSWIFPDPOTUSBJOU

ResR= R, Rysr R R

8F SFRVJSF PVS NBROHPPVEFQSPQPSUJPOBM UP UIF TJ[F PG UIF SP
FODPERBOE EJSFDUJPOJOWBSJBOU XIIJMFTUJMM CFJOH OPSNBN

MJNR nBh O
jjr o
ijJjNaNB}LI 1
51T BOHMF JORIOEYI DERIPDDPSEJOHMZ XjFjiGR®BNVMBUF
iRBNeFl |
X1JDI TVUDFTUIFDPOTUSBJOUT BCPWF 8F DPNCJOF BOE L
B:2 2! [01]
ER; B)=jiR BiingH
1SPPGjjUj BR&LTVUDFT UIF NBUIFNBUJDBM QSPQFSUJFT PG B USVF NF
UIFBQQFOEJY

ua



gs +VETL &EWIH8EWO G6ITVIWIRXEXMSR

51F CBTJT PG PVS UBTL SHQ$VBNMOUBWIPHD(BREITSPEVDFE JO UIJT
XPSL< > 5IFZFODPEFB WJEFP UIBUDPOUBJOT PQUJNBM UBTL FY|
JOUP B TFRVAHBEBAEEGY;:;G}] XJUICFJOH UIF UPUBM BNPVOU PG GSE
%VSJOH UIF JNJUBUJPO UIF BHFOU F O D P EGTBUURWOSAZ IS PNOANTFUDRIQJ O
&BD| HSBOIV!;, \g DPOUBJOT UISFFUZQFT PG EJRFSFOU OPEFT SFQS
PCTFSWBW{WGPSTUIF IVNBO IBOE PS SBCPRTIQF DRIGAFSVEB D |

UBTL SFMFWBOU PCKFDU DV,SGF® WNZVEEFM EDX RP JBQHE PO UIPTF P (
51FZBMM TIBSF UIF TBNFUZQF PG FNCFEEJOH XIJDIDPOTJTUT PG
QPTJUJPOJO % 9 : ; DPPSEYOBUFT EFOPUFE BT

"OFEHFJTUJFECFUXFFOBOZ QBJS PG UXP OPEFT NBLJOH UIF XIP|
FEHF BMTP EFSOFTBOBUUFOUJPO WBMVF UIBU EFOPUFT XIFUIFS E
BDUIWF DPOTJEFSFE SFMFWBOU GPGBDBOWESBOUINPRIPO PS
DPOOFDUBQPIBO PCKBOWFDJSD UIJNF TUFQ UIFBODIPS PCKFDU J°
PCKFDUUIBUJT DVSSFOUMZ JO NPUJPO 0SJG OPOFBSFBU UIF NP
OFYU OO UIFPOFIBOE UIJT GPSNVMBUJPO FTTFOUJBMMZ BMMP X"~
BHFOUUSBKFDUPSZJO UIF PCKFDUET GSBNF UIBUIFJT TVQQPTFI
IBOE UIJT FODPEFT B UJNF EFQFOEFOU GPDVT PO B TJOHMF PCKF
FOWJSPONFOU XJMM QSJNBSJMZ JIJNQBDU UIFDPTU GVODUJPO " T
EFTDSJCF USBKFDUPSJFTJOUIJT BQQSPBDI< > CVUUIFDPODFQ
TFRVFOUJBM NBOJQVMBUJPO PG NVMUJQMF PCKFWUBSEEHFT DPO
POMZ BDUJWF JG UJFE UP B/OPESSSHFIPFOFIOUBUBRIOF PCKFDU GSPI
UIFZIBWFCFFOTBNQMFE

5|F TBNF XPSL XIJDI GPSNVMBUFE UIF 7&(T BMTP QSPQPTFT B DPTI
PQUJINJ[BUJPOJOB3FJOGPSDFNFOU -FBSOJOH 3- QSPCMFN 51J°
HSBQI TINJMBSJUZ BOE DPNQBSFT UIF SFMBUJWF EJTUBODFT CFL
EFNPOTUSBUJ{RRIWISBQF DPSSFTQPOEJOH SFMBUJPOT JO UIF DVSS
(» 6TIOHB NFUSJD UIBU SFMJFT PO SFMBUJWF EJTQMBDFNFOUT N
JOWBSJBOU BHBJOTUBCTPMVUF EJTQMBDFNFOUT PG UIF XIPMF PC
JOEJWJEVBM WBSJBUJPOT 5I1JT GPSNVMBUJPO BMTP FODPEFT PS.
QPMOPEFT UP UIFJS SFTQFDWJWHFEROKFBHBHEGWHSWTB U

EFQFOEFOU PO UJFE OPEFUZQFT UIJTDPTU GVODUJPOJT QPTUV|

XX
C(G5GYy = L) BUR) (Y YY (Y Yiis

i=1 j=i+l

ur



XJUIUIF BUUFOUJPO!IGE\WOA® USPONBQUIPWF VQPO UIF HSBQI CBTFE UE
SFQSFTFOUBUJPO BOE UIFDPTU GVODUJPO JO UIF NFUIPE TFDUJP

gt -QMXEXMSROIEVRMRK ;MXL1SHIP4VIHMGXMZI

8FCBTFPVSEFTDSJIQUUBO FFROUHRBSOMPONM BOEJUT TPMVUJPO PO U
GPSNVMBUJPOT GSPNUIJT QBQFS < >

gte 4VSFPIQ (IXRMXMSR

8F GPSNBMJ[F PVS MFBSOJOH QSPCMFN BT B .BSLPW %FDJTJPO 1S

IPSJ[PO) "O . %1 DPOTJTUT P UIF BORUPO @BBEFTUSJICVUJIPO

P(st+1jst;a) XIJDI EFUFSNJOFT UIF QS P GBI Mg BBARUIBNBEBIDVUNIIF B E

UP TWHGBUBT XFMM BT B QFS TUES);aD BFSESFEWSFZIIDOH UP SOE B QPMJI

(ajst) UIBU PQUJINJ[FT

1 #

= BSH NJO Ost;a)
t=0

XJUICFJOHUIFTQOBDF PG BMM QPMJDJFT3kJDGPRBDE WO J-TF B HOMUBD
QSPCMFMN<IT>NVDI TNBMMFS UIBO UIF UPUBM SBOHF PG UIF NPUJP (
QPMIDZ XIJMM CF PQUJIJNBMHOGSGFEBISD UBNJFF OFYU

*NJUBUJPO MFBSOJOHJT JOUSPEVDFE UP UIJT QSPCMEN CZ TIBQJ
c(s;;a) "LIOMOPWFSTF 3FJOGPSDHQEORBEFEHSIORIMABSO B DPTU GVODUJ
GSPN OPU OFDFTTBSJMZ PQUJNBM FYQFSU EFNPOTUSBUJPOT 8F (
GVODUJPO PO EJTTINIJMBSJUZ CFUXFFO TUBUFT PCTFSWFE JO UIF
FODPVOUFSFE EVSJOH JNJUBUJPOBUUIF DPSSFTQPOEJOH QIBTF
CFDPNCJOFE XJUI NPSFDPTUUFSNTUP BDIJFWF UIFHFOFSBM TJE
NBOJQVMBUJPOT .PSFBCPVUUIBUJOUIFNFUIPETFDUJPO
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gtq 7SPZMRK8LI3TXMQMA"EXMSR 4VSFPIQ

4PMWJOH GPS B DPNQMFY HMPCBMMZ PQUJNBM QPMJDZ JT IBSE FT
DPVMECFTQBSTFPS EJUDVMU UP PQUJNJ[F .PEFM QSFEJDUJWF L
QSBDUJDBMMZ NPUJWBUFE TUSBUFHZ UIBU TINQMJSFT UIF PWFSB
TUBUFTUIF SPCPU FODPVOUFST POMJOF EVSJOH FYFDVUJPO BOE
MPDBMMZ PQUJNBM QPMJDZ < > *UBMTP EPFTOEU SFRVIJSF UIF F
DBO XPSL XJUIBOBQQSPYJNBRUF EZOBNJDT NPEFM

8F BSF XPSLJOH XJUI BO FYJTUJOQOPBRW USNEIDWRIWRP DBRG *OUFHSB
$POKSPWTJIOH $PWBSJBODF 7BSJBCMF *NQPSUBODF 4BNQMJOH
PVS DPOUSPM BMHPSJUIN 4BNQMJOH CBTFE .1$JUFSBUJWFMZ PC
SFQSFTFOUBUJPOT TVDI BT UJNF JOEFQFOEFOU (BVTTJBOT PWFS
QBSBNFRURSDI UIBY ' 4 )FSKR SFQSFTFOUT UIF TFRVFODF PG NF
¢=[ to; t4 1] BOE B QBSBNFUFSJ[FBDFWEFSYBODFQ BMPOH UIF IPSJ
H

"UFWFSZJUFSBUJPO UIFPQUJNJ[BUJPO QSPDFFET CZ TBNQMJOH
PG MFOHWION); h [0;H) GSPN UIF DVSSFOUEJTUSJCVUJPO GPMMPX
UIFBQQSPYJNBUF EZOBWI DO HVIFDIBIN@MFE DPOUSPMT UP HFU B C
DPSSFTQPOEQHN T B BOE D&TMihpr) 5/F QPMIDZ QBSBNFUFST BS
UIFO VQEBUFE VTJOH B TBNQMF CBTFE HSBEJF®U PG UIF PCKFDUJ
PQUJNJ[BUJPO JUFSBUJPOT XFFYFDVUF UIF NFBO PG UIF SFTVMU
IPX UIF EJTUSJCVUJPOJT VQEBUFE OFYU $POTJEFS UIF GVODUJP

K 1
C(x¢;up) = N & (%en; Un)
h=0

XIFSF[0;1] JT B EJTDPVOU GBDUPS UIBUJT VTFE UP GBWPS JNNFEJB
TQFDJGZ B UFSM40ugN) BPBSWRF TBLF PG TINQMJSDBUJPO

ut



"XJEFMZVTFE PCKFDUJWF GVODUJPOJTUIFFYQPOFOUJBUFE VUJN
1 .
L=E p, FYQ-Clxsu) jxo=X |

XIFSFJTBUFNQFSBUVSFQBSBNFUFS 'PSUIJT DIPJDF PG PCKFDUJ
VTJOH B TBNQMF CBTFE HSBEJFOU BT

I:)N
R B
th = (1 ) t 1t 45%
i=1 - i
XIFSFBOE BSFTUFQ TJ[FTUIBU SFHVMBSJ[FUIFDVSSFOUTPMVU.
QSFWJPVT POF 8JUI |
X '
li= FYQ— €(%th; Uth)
h=0
JODSFBTJOH UIF XFJHIUPG TVDDFTTGVM BDUJPO TFRVFODFT

8F QSPWJEF QTFVEPDPEF GPS PVS BMHPSJUIN IFSF5VTJOH UIF QB
OVNCFS PG TBRYMEFS PG PQUJNJ[BE $ROPOZNYMFELU JB M
EJTUSJCVUIJPO QBSBNFRUBSQSPYJIJNBUF TRZHIWDN BZOBRJIDT
EFOPUF B TBNQMFE DPOUSRM dhRVEQDANGBUBN B
DPNQVUFE CBUDI PG TKBXF-RRV:FX@REFT. B¥BOE SFTVMUJOH
CBUDI PG DPTUGRRMEQRDETny 1 B® 4JODFBEJTUJODU EJTUSJCVL
EFSOFE GPS FBDI TUFQ XJUIJO UIF IPSJ[PO XF EFSOFB  TFRVFODF P
a);(n)sin(hw 1) BT
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r 1IXLSH

r 9 -QTVSZIQIRXW 3R 8LI +VETL &EWIH 8EWO 6ITVI\

8F QSPQPTFBO IJNQSPWFNFOU VQPO UIFUBTL SFQSFTFOUBUJPO E
TFDUJPO 8FBMTPVTFB7&( TFRVFODF UP FODPEF B HIWFO WJEFP
XF NBEF TIHOJSDBOU DIBOHFT UP UIFFNCFEEJOHT PG UIFJOWPMW
PG VOEFSMZJOH EBUB 8F POMZDPOTJEFS UXP UZQFT PG OPEFT G|
SFQSFTFOUJOH UIFIVNBO IBOE PBSFQBEFHSAQDFBDXIUBMFL SFMFW
PCKFDUJO UIF EFNPOTUSBUJPO "EEJUJPOBM UP UIF FOUJUZET ¢
JODMVEFJUT PSJFOUBUJPO EJSFDUMZ JOUP FBDI OPEF FNCFEEJOH
51JTGPSNVMBUJPO TINQMJSFT EBUB DPMMFDUJPO TJODF XF EP Ol
QSF USBJOFE LFZQPJOU EFUFDUPST XIJDIBMTP SFJOUSPEVDF JT
BWPJE XJUIBO PCKFDU DFOUFSFE UBTL SFQSFTFOUBUJPO 'VSUIF
RVBUFSOJPOTBMMPX GPS B NVDI NPSFJOUVJUJWF BOE SFMJBCMF
NFBTVSFNFOU CFUXFFO UXP PSJFOUBUJPOT BT TIPXO JO UIF GPV(
IBWJOH B TUSFBNMJOFE HSBQI FNCFEEJOH FOBCMFT VT UP NBLF IE
X1JDIJOTVFODF UIF PQUJNJ[BUJPO HPBM EVSJOH DSJUJDBM NPUJI

8F VTFUIF FEHFT GSPNUIFPSJHJOBM QPTUVMBUJPO FYDFQU GPS U
TIJODFUIFZ OP MPOHFS TFSWFB QVSQPTF EVFUP PVS SFEVDFE OP

SFBMTP LFBQUWHABWIPDUIPO BOEJUT QVSQPTF CVU XJUI BDIBOHFI
BODIPGKFDU 8F DPOTJEFS UIFBODIPSUPCF UIFPCKFDUDVSSFOL
IVNBO FYQFSUPS JG OPOFBSFBUUIFNPNFOU UIFPCKFDUUIBU X
XFJOGFS UIFFOUJUZPGUIFHSFBUFTUJNQPSUBODF CZ QSPYJNJU.
PSIJHIJOBM BQQSPBDI EFSIWFT SFMFWBODF CBTFE PO NPUJPO TBM
OVSBQQSPBDIJTTVQQPTFE UP CF NPSF SPCVTUBHBJOTU FTUJNB|




Active edge Ei i=1v j=1; i#j
Inactiveedge &.; j#1 A j#1; i#j

Vo1 Voz

Vi

Vo3

*MKYVNDSEQTPISIJEZMWYEP IRXMX] KVETL 6 SRW XEFW®XHHX}SRYMRK
WXVEXMSR (ITMGXIHMW XLIVITVIWNREFRHWBSRSHIWLILYQER L
Vs VssGSVVIWTSRHMRK XS VIPIEKERR $MNGG KMX IBEW WLETI
GYVVIRXP] GSRWMHIR/GHFIG EY WUIXLILYQER INTIVX QERMTYPE
MX 'SRWIUYIRXP] EPPIHKIW GSRRIGXIH XS MXEVI GSRWMFE

5P EFSIWFBUBTL SFMBUFEDPTU GVODUJPO XFVTFHSBQI TINJM
POF UP POF DPSSFTQPOEFODF CFUXFFO OPEFTNB QPURHISBQIT B
MBCFMFE PCKFDUT JO WJEFP S5IFTF FOUJUJFT NVTUCF SFMJBCMZ E
NVTUCF SFQSFTFOUFE JO FWFSZ HSBQI %BUB GSPNTJOHMF TUFQ
TQFDJSD FOUJUJFTBSF OPU EFUFDUFEPS TIPXBTJHOJSDBOU BNP
JOUFSQPMBUFE UP FOTVSF UIF DPOUJOVPVT QSFTFODF PG FOUJU.
QSPQFSMZ EFUFDUFE EVSIJOHUIF FYFDVUJPO XFVTFJUT MBTU LC
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5/F NPEJSFE HSBQI TUSVDUVSF BMMPXT UIF DPTU GVODUJPO UP CF
EFQFOEFOU PO QPTJUJPOT

XX
CyG3GY) = BUM (Y YH (Y Vi

i=1 j=i+l

8F BMTP SFRVIJSFBOPUIFS DPNQPOFOU UIBU EFQFOET PO PSJFOUE

XX ) .
Co(G5GYy = Bulh & (R"))R" ('R ;

i=1 j=i+l

X1JDIBSFMIOFBSMZ DPNCJORE XJRJI WPAXOPIRMEBINQPSUBODF PG U
SFTQFDUJWFBTQFDUBOE UP CSJEHFUIFJS HBQJO TDBMF 8F GPS
GVODUJPO BT

C(G+G'Y) = WiC1(G+GlY) + woCo(G5GY)

8F VTFUIJT GVODUJPOBTBO JODFOUJWF GPS POMJOF QPMJDZ PQL
IZQPUIFUJDBM JNJUBUJPO HSBQIT XIJDIUIF SPCPUBDUJPO DPVM
FOWJSPONFOUBOE UIFDVSSFOU PQUJNJ[BUJPO HPBM 7&( GSPN U

r o 9 , YQER8S6SFSX(SQEMRS8VERWIIV

*NJUBUJOH IVNBO FYQFSU EFNPOTUSBUJPOTJT MIJNJUFE CZ NJTN|
WIFX QPJOU BOE FNCPEJNFOU GSPNUFBDIFSUP SPCPU < > #FDB
IBOE QPTFT GSPNWJTVBM EBUB SSTUBOE CFGPSF MFBSOJOH GSP"
JTJOWBSJBOU BHBJOTU DIBOHJOH WJFXJOHBOHMFT )PXFWFS E.
EZOBNJDT BOETUBUF BOE BDUJPO TQBDFT SFNBJO TJHOJSDBOU
DBOHSBTQBO PCKFDU GSPNFWFSZBOHMFBOEBU FWFSZ QPJOU
SOHFST "SPCPUXJUIBTINQMF HSIQQFS NBEF PG UXP QSJTNBUJEL
BUUBDL UIBU SUTJUTIBSEXBSFDPOTUSBJOU 5IF SFTVMUJOH HSE
EJWFSHF GSPN UIFIVNBO EFNPOTUSBUJPO

S5SIFSFBSFNVMUJOQOMFBQQSPBDIFT UP PWFSDPNF UIFTFJTTVFT JO
TUBUF UP TUBUF NBQQJOH PS MFBSOJOH BDPSSFTQPOEFODF NPE
SPCPUBDUJPOT< > 8F SFTPMWFEUP TPMWF UIF EZOBNJDT QSPC
PCTFSWFEBDUJPOT GSPNUIFUBTL SFQSFTFOUBUJPO 4JNJMBS U
UIFIJNJUBUJPOBHFOU UP SFDSFBUF UIF TUBUF TFRVFODF PCTFSW




51 JTBQQSPBDI JOUVSO SFRVJSFTBPOF UP POF NBQQJOH CFUXEF
JNJUBUPS TUBUF TQBDF

8F BDIJFWF UIJTJO UXP XBZT 'JSTUPGBMM XFCSFBL EPXOPCTFS
JOUPB % QPTFBOEBHSBTQJOH TUBUF QFSUJNFTUFQ BOETJOD
QPTIJUJPOT PG TQFDJSD MBOENBSLT XFIBWF UP EFTIJHO B DPSSFIT

FOBCMF UIF SPCPUHSJQQFS UP GPMMPX UIFIVNBO USBKFDUPSZ BO
BT NVDIBT QPTTJCMF

landmark INDEX_MCP

e

landmark NDE

(o7 )

landmark THUMB
spatial embedding
of gripper node

spatial embedding
of hand node

*MKYVI)AXVEGXIHLYQER LERH TSWI XLEX WIVZIW EW ER STXMQ M
TERHE KVRIITIXBLMW TSWI GSRWMWXW SIJEGIRXPEEBB VITVIWI
HSKRH\ EMMAVE\KKW IR E\MPY8LMW MRJIVVIHTSWIMW HIXIVQ

FIXLIHIXIGXIH TSWMXMSRW SJ XLI s HREBSXEXERRPERHQEVO
-2()<C1'4

OVS NFUIPEIBT CFFO EFWFMPQFE XJUIUIFHSIJIQQFS PG UIF 1BOEB !
UP NBOZ TUBOEBSE HSJQQFS NPEFMT

uv



8F VTFUIFDBSUFTJBO DPPSEJOBUFT PG UISFFTQFDJSD QPJOUT PO
PVS QPTF EFSIJWBUJPO 8F FTUJNBUF UIFJS QPTJUJPOT QFS GSBNF
TFDUJPO

8F EFOPUF UIFJS 9 :,; DPPGES UBREIBESE; GPS B)E.#NBSL
BOE;*/%&9@.MBSL BT TIPXO JO SHVSFYBYSTRPMGPDBNMVNBO IBOE JT
EFUFSNJOFE CZ UIF EJSFDUJPO PG UIF PUIFSBYJT BOE UIF SJHIU |

Y= Z
SFDIPPTFUIEZBPDBBRIT UIFDPOOFDUJOH WFDUPS CFUXFFO SOHFSU
=% 5

S5IFf BYJTJT DPOTUSVDUFE JO B TVDI B XBZXIBUWR IBSWIOHMBSUIP HP(
DPNNPO JOUFSDFQUJPO QPJOU *UJT BMER @ARMIBPEGIDBU UIF QPJ

UPHFUIFS DBOCFFYQSFTTFEBT
Z(.1 5y
i 42
"GUFSXBSET XFIBWFUPDPNQVUFUIFRVBUFSOJPO SFQSFTFOUBU
PSJFOUBUJPO XIJDIJTEFSOFECZUIFSPUBUJPO NBUSJY DPOTUS

=1 [=(1 s) Z (.1 5)

Y Z |

5IF PSJHJO PG UIJTBYFT TZTUFN J F pUFJIDEFESREPIEP B IFANHRIO PG
UIF EFUFDUFE UIVNC BOE JOEFY UJQ QPTJUJPOT

M1+ 5
2

/PUF UIBUUIJT NFUIPEBTTVNFT UIBUB QMBOFDBO CFTQBOOFE CFL
UIBU U/I%&9@ .QRIJOUJT MPDBUBFE €BE0XPFR®VF UP FTUJNBUJPO

FSSPST UIFTFDPOEJUJPOTBSFWJPMBUFE TPNFUJNFT 5IFIBOEF
UINFTUFQTJTJOUFSQPMBUFE XJUI TVSSPVOEJOH WBMJE WBMVF"
DPMMFDUJPO TFDUJPO 5IF SFTVMUJOH QPTFJT VTHE BT UIF FNCF

Q=
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5IF PUIFS XBZ XF CSJEHF UIFEZOBNJDTHBQJT CZNBLJOH IBOE DS
UIFJOGFSSFEHSBTQJOHBQQSPBDIFT 8IJMFUIFEFTDSJCFE QPTF |
JNJUBUF UIFIVNBO IBOE NPWFNFOUT UP B SFBTPOBCMF EFHSFF JU
TFYJCIMJUZ PG UIFIVNBO IBOE 4JODFB TUBUJD HSJIQQFS DBO PO
TQFDJSDBOHMFTBOE IJHI QSFDJTJPOJT SFRVIJSFE UP BDIJFWF B
EJSFDUMZ GPMMPX UIFBQQSPBDIUBLFO CZUIFIVNBO EFNPOTUSB
DBTF XIFSFEJSFDU JNJUBUJPO XPVME CF QPTTJCMF CVUUIJT DBC(
IVNBO UFBDIFS NBZDIPPTF B EJRFSFOU XBZUP HSBTQ BO PCKFDU

SIFTPMVUJPOJTBQQMZJOH IBOE DSBGUFE NPEJSDBUJPOT UP HSI
EFUFDUFE HSBTRIRS FWROBHSBTQ TUBUF TXJUDIFT GSPNPQFO U
NPEJSDBUJPOT BMMPX VT UP SFMZ PO QSFDJTF SFMBUJWF USBKFCLC
XIJMF LFFQJOH UIF TBNF PQUJNJ[BUJPO NFUIPE

'PS FYBNQMF XFEFSOFBO PQUJNBM HSBTQJOH BOHMF GPS FBDI P
BOHMF BT BO BM{&,Q¥HRIL PBQE, s ;08ddbckBTTVNIOH PQUJINBM

QMBDFNFOU PG UIF DPSSFTQPOEJOH "SVDP NBSLFS 5P FOGPSDF L
PQUJNJ[BUJPO UBSHFU XFPWFSXSJUF UIF FODPEFE PSJFOUBUJP
EFNPOTUSBUJPOtHSB&I DOFBSUIF HSBTQFE PCKFDUET DFOUFS BT
QPJOU PG BUUBDL BOE UIF QPTJUJPO PG UIF IBOE OPEFJT TFU UP

8F JOUSPEVDF DPNQMFY TVQQPSU GPS HSBTQJOHBOE SFMFBTJOH
NPUJPOT JOUP NVMUJQMF EJTUJODU QIBTFT XIFSFEFNPOTUSBUJ
DPOUSPM QBSBNFUFSTBSF NPEJSFE *OUIJT XBZ IJHI MFWFM BDU]J
PVSDPOUSPM BMHPSJUIN 8F NBLFVTFPG UIFGPMMPXJOH QIBTFT
FBDI XI1JDI XF EFfRBFBOQFDUJWFMZ

.PWJOH 5P 1SF (SBT@BENPRBIUED7&(TIOUIFIJOUFSWBM
[tHseThosFe@HsBNRWFe@URigssrtoiPwFeUP @Hs@PS UIJT QIBTF 5IF QPTJUJPO
UIFIBOE OPEFJT TFU UP Bhan:E@D@&RQEVFFUI-H@PTJUJPO PG UIFBODIP
PCKFDUET OPEF 5IFIBOE OPEFCET PSIJIFOUBUJPOJTTFUUP UIF PC
EFTDSJCFEBCPWF 8FEPOPUTFUBOFXPQUJNJ[BUJPO UBSHFU VO
EFTIJSFEQPTJUJPO XJUIJOBDFSUBJO UPMFSBODF

.PWJOH 5P (SBTQ 1&TNBERGZ 7& (T JO UIFJOUFSWBM
[tHSBdeNPWF@Uﬁ@-IHSSBB"[;dGPS UIJT QIBTF 5IFQPTJUJPO PG UIFIBOE OPE
PCKFDUDFOUFS XIJMFJUT PSJFOUBUJPOJTLFQUBTCFGPSF 8FE
UBSHFU VOUJM UIF SPCPU IBT SFBDIFEUIFEFTJSFEQPTJUJPO XJU

ru



$MPTJOH 5IF BEBNNREJGZ UIRYs%EPS UIJT QIBTF 51F 1PTJUJPO BOE
PSJFOUBUJPO PG UIF IBOE OPEF TUBZ UIF TBNF 5IF FOEFRFDUPS |
EP OPUDPOUJOVF VOUJM UIF SPCPUETHSJQQFS IBTDMPTFE CFMF
X1JDIJT FODPVSBHFE CZ UIF SFHVMBS DPTU GVODUJPO XJUIPVU G
-JGUJOH 1PTBF(EBEQGZ 7&(T JO Uthfs HBUF SWBMcubBEESH 1T

QIBTF 5P BWPJE TIJGUJOH UIF IFME PCKFDU BOE DPMMJTJPO XJUI
FNCFEEJQHAGRBERWF JUT QSFWJIPVT QPTJUJPO

Move to pre-grasp
position

Lift object up

Move to grasp
position

Close gripper

*MKYVIIMWYEPMAEXMSR SISTXMQEP KVMTTIVTSWIW MR XLI VIPEX]|
HYVMRK XLIHMJJIVIRX KVEWTMRK TLEWIW 8LIWITLEWIW C
XLITVI KVEWT TSWMXMSR MM GSRXMRYMRK XS XLI xREP K\
XLIKVMTTIV ERHXREPP]MZ PMIXMRK XLISENIGX ZIVXMGE

.PWJOH 5P 1SF 3FMPBETNPERTGR 7&(T JO UIF JOUFSWBM
tsrmrsfesresterermikGPS UIJT QIBTF 0SJFOUBUJPO PG UIF DVSSFOL
OPEFJT TFU UP UIF PQUJNBM SFMFBTF BOHMF *UT QPTJUJPO SFENI
PQUJNBM SFMFBTF BOHMF UIF DMPTFTU PSJFOUBUJPO XIFSF POF P
XJUIUIF OPSNBM WFDUPS PG UIF XPSLQMBDF TVSGBDF
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0QFO HSIJ@ORPEJIGZ UIF 7&( BUsHIHGMBWAQT QIBTF 8F TFU UIF 1PTJL
BOE PSJFOUBUJPO PG UIFIBOE OPEFBTJO UIF QSFWJPVT QIBTF 5
EJTBCMFE 8FEP OPUQSPHSFTTUP UIFOFYUTUFQ VOUJM UIF HSJQ!
XJEUIUISFTIPME XI1JDIJT FODPVSBHFE CZ UIF SFHVMBS DPTU GVC
NPEJSDBUJPO

-JGUJOH 1PTUSFFWHFBIG-Z 7& (T JO Utldt J @WES WM 16U d <P RS TE
UIJTQIBTF "OZ SPUBUJPO PG UIF FOEFRFDUPSJT EJTBCMFE 5P BW
PCKFDU XF TFU UIF QPTJUJPBDoRE K EBTRWNE WRPEBEMFBTF QPTJIJUJPC

Unpolished Approach

[ Enforced Pre-Release Pose

A

[ Hand-Crafted Rel ]

A

*MKYVIMWYEPMA"EXMSR SJLERH GVEJXIH VIPIEWITLEWIW 8LIWI
PSIMRK XLI YRTSPMWLIH HIQSRWERKYERMIXWVENXINKIS XL SFNIC
TSWIMREI[E]XLEXEPMKRW SRISJMXW E\IWQWXH®PUI XEFPI R
STIRMRK XLI KVMTTIV ERH VIPSEWH®RK XLI SFNIGX

'PMMPXJOH UIF USBKFDUPSZ PG UIFIVNBO IBOE JOTUFBE PG POM.:
USBKFDUPSJFT JTTFSWJOHUIFQVSQPTF PG HVJEJOH UIF SPCPU J
USBOTJUJPO JOUP UIPTFIBOE DSBGUFEBQQSPBDIFT "MTP PWFSX
SBOHF TVSSPVOEJOHHSBTQJOHBOE SFMFBTJOH FWFOUT BTTVSF"
IVNBO NPUJPO POMZ XIFO IBWJOHB TBGF EJTUBODF UP UIF PCKFD!
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r g (EXE'SPPIGXMSR

rq o ETXYVMRK % (IQSRWXVEXMSR

$SFBUJOH EFNPOTUSBUJPO EBUBDPOTJTUT PG SFDPSEJOH B WJE
JPXFWFS XF BEEFE TPNF NPSF GVODUJPOBMJUZ UP UIJT QSPDFTT
UIFBVUPNBUJD SFNPWJOH PG EBUB XIJDIJT OPUBDUVBMMZ SFMB
SSTUHPBM XF TBWF EFNPOTUSBUJPO WJEFPT XJUIBOOPUBUJPOT
QPTF FTUJNBUJPO J F EFUFDUFEIBOE MBOENBSLTBOE PCKFDU
PGJSSFMFWBOU EBUB XFEFSOFBTUBSUJOH QPJOUBOE BO FOEQ
GSBNFTPVUTJEFUIJT SBOHF BSF OPU FODPEFE JOUP UIF HSBQI TF
TUBSUJT TQFDJSFEBT UIFUJNFTUFQ XIFSFBMM SOHFST DBO CF
UJNF 5IFDPOUFOU FOEJTTFUUPUIF GSBNFUIBUDPOUBJOT UIF N
GPSNVMBUJPO FMIJNJOBUFT UIF OFFEGPS B QSFDJTFTUBSUJOH B!
BMMPXJOH UIFVTFSUPQIZTJDBMMZ DPWFS UIF DBNFSB VOUJM IF |
QPTJUJPO 5IFUFBDIFSDBOBMTP UFSNJOBUF UIF SFDPSEJOH JO |
NBEFBOZNBOVBM DVUUJOH PG UIF SBXEBUB VOOFDFTTBSZ EVSJC

SIFHSBQIFNCFEEJOHTBSFTUPSFEJO DBNFSB DPPSEJOBUFT BOE |
BOFYUFSOBMMZ QSPWJEFE SPCPUDBNFSB USBOTGPSNBUJPO CFC
BQQSPBDIBMMPXT UIF EFNPOTUSBUJPO UP CF DBQUVSFE PVUTJEF

mcep

o A

*MKYVIBMIRKPIIJVEQI SJE GETXYVIHHIQSRWXVEXMSR ZMHIS 8LI
IWXMQEXMSR ERH XLI SYXTYXW SJXLILERHHIXIGXMSR JVE
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rq q *MPXIVMRK %RH -RXIVTSPEXMSR

4JODF QPTF FTUJNBUJPOT TPMFMZ CBTFE PO WJTVBM EBUB BSF RV
JOUSPEVDFE NVMUJOQMF TUBHFT PG EBUB SMUFST XIJDIBSF BQQM.
USBKFDUPSJFT

8F VTFUIF GPMMPXJOH UFDIOJRVFT UP SMUFS TQBDJBM EBUB 'JS’
FSSPS UIBUJT QSPNJOFOU JO PVS IBOE EFUFDUJPO PVUQVUT J F
WFSZ MBSHF QPTJUJWF WBMVFT 8 DIPTFBO PVUMJFS SMUFS UP FM
ZIPWFMUZ BOE OVUMJFS % FDB DUUJMSBIFONEP®REPO NFUIPET MJL
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JT DPOTJEFSFEUPCFBOPVUMIJFSBOE XJMMCF SFQMBDFE CZJOU
5P SFNPWF SFHVMBS (BVTTJBO OPJTF BOE TNPPUIUIF USBKFDUPS.
DPNCJOFE XJUI B 4BWJU[LZ (PMBZ SMUFS <TPVSDF TBWHPM> BGUF

8F QVSIJGZDPMMFDUFE PSJFOUBUJPO EBUB CZVTJOH B NPEJSFE B
SFDPNQVUF FBDI SPUBUJPO USBKFDUPSZ UP SFEVDF TVEEFO KV N(
XJUIPVU EJNJOJTIJOHHSPVOE USVUI BOHVMBS WFMPDJUJFT 4JO|
GPS FBDIFOUJUZCZ RVBUFSOJPOT XFDBOVTFTQIFSIJDBM MJOFB
4-&31JTB XJEFTQSFBE UFDIOJRVF JO DPNQVUFS HSBQIJDT UP HFOF
DPNQVUJOH JOUFSNFEJBUF TUFQT CFUXFFO EJTUBOU PSJFOUBUJ
DBMDVMB UF BOQWPIFOMWOJU RVBUFSOJPO IZQFSTQIFSF UIBU MJFT PO
CFUXFFOUIFQSFWIPR/TPGHROEBVISESGOR EFUFDUJPO
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XJUIUIF QBSBIOFWWEBUFSNJOJOH IPX DMPTF UIF SFTVMUJT UP UIF U
R 8FBDIJFWFEHPPE SFTVREROULDNEBRPOGHIJPOBM UP UIF BDUVBM E
CFUXFFOB HIJWFO QBJS PG PSJFOUBUJPOT
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https://www.researchgate.net/publication/338518012_Savitzky-Golay_Smoothing_and_Differentiation_Filter
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51JT GPSNVMBUJPO XPSLTFTTFOUJBMMZ MJLF B XFJHIUFE NFBO Ul
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%JTDBSEFEPS NJTTJOH EBUB QPJOUTBSFJOUFSQPMBUFE JO UIF
TQBDJBM EBUB XFVTFDVCJIJD TQMJOFT XIJDIBSFB XFMM LOPXO !
USBKFDUPSJFT 5P DPNQVUF NJTTJOH PSJFOUBUJPOT XFPODF BHE
JOUFSNFEJBUF SPUBUJPOT CFUXFFO WBMJE EBUB QPJOUT
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8F EFSOF PV§ TR'MBBRIFUIF DPODBUFOBUJPO PG UIRFOEFRFDUPS QPT
FOEFRFDUPS PSJFOUBUJIJROJIITERYQ FSQEIBWUNIMBS % QPTF
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-FUUIFBDWURPOF Xri YEE Zrk Yawgg pitcheg rollgg g XI1JDI BSF
EJTQMBDFNFOUT PG UIF FOEFRFDUPS BT XFMM®BTB DOBFOHE 40 UIF |
UIFEFTJSFE SPUBUJPO PG UIF FOEFRFDUPS JO &VMFS BOHMFT CFI
TBNQMF UIBO VOJU RVBUFSOJPOT

6TJOHUIJT EFTIJHOBMMPXT VT UP GPSHP BOZDBMDVMBUJPO PG U|
XDl XIJMM CF EPOFCZUIF SPCPUDPOUSPMMFS XIFOFYFDVUJOH I
SIFDPOTUSVDUJPO PG BO JNJUBUJPO HSBQIJTBMTP TUSBJHIUGP:
SFQSFTFOUBUJPO CFDBVTFJU DPOUBJOT UIFFNCFEEJOH PG BMM
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8F DBO NBLF EP XJUIBWFSZTIJNQMJSFE NPEFM PG UIF FOWJSPONF
XJUIPVUUBLJOHJOUP BDDPVOUBOZ GSJDUJPO XFJHIUT SPCPUE
DPMMIJITIPOTCZSFMZJOH PO UIFFSSPS DPSSFDUJOH QSPQFSUZP
GPS DPNQVUBUJPOBMMZ DIFBQ SF PQUJNJ[JOH PG UIFQPMJDZ BU
SFBTPOBCMF GPS PVS XPSLCFDBVTF XF GPDVT PO QJDL BOE QMBI
DPOUSPMTBSFFYFDVUFECZB SPCVTUIBSEXBSFDPOUSPMMFS 'S
XIFSFPVS QSPQPTFE EZOBNJDT XPVME CSFBLEPXO BSFBMTP BW|
JODFOUJWFTJOUP PVS .1$ DPTUGVODUJPO 4NBMMFS VODFSUBJC
NFOUJPOFE QSPQFSUJFT PG UIJT BMHPSJUIN

OVSEZOBNJDT GVODUJPO DPOTJTUT PG VQEBUJOHUIF QPTF PG U
EJTQMBDFNFOU DPNNBOET XIJMFBMTP BQQMZJOH UIF TBNF USBC
QPTFPGUIFDVSSFOUMZ IFME PCKFDU *G BOZPCKFDUJT DPOTJE!
UISFTIPMEJOH UIF SPCPUHSJQQFS XJEUI XIJDIJTBMTP DPOUBJOF
IFME JTEFSIWFE GSPNUIFBODIPS PCKFDU JO UIFDVSSFOU UBSH
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51JT DPNQVUBUJPO DBO CF EPOFJO QBSBMMFM GPS XIPMF TUBUF I
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OVSDPTU GeVvXODBJNIBOFBS DPNCJOBUJPO PG NVMUJQMF DPTU GVODU.
[IJHI MFWFM CFIBWJPVST FBDI
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SIFTFDPNQPOFOUT FIJUIFSTFSWFBUBTL SFMBUFEHPBMPSBTQF
5IF3Ss bBMDVMBUJPOJT FYQMBJOFE JO UIF OFYU TFDUJPO
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51 JTDPTU FOGPSDFT UBTLDPNQMFUJPO CZJOEVDJOH SFMBUJWEF |
USBKFDUPSJFT BT XFMM BT HSBTQJOH BDDPSEJOHUP PCTFSWBUJ
DPOTJTUT PG UIFTUFQ EFQFOEFE PO HSB@IGI;B}) VBEWIP CBWEE DP
QSPQPTFE BOE & &4¥&@)DPWIBARODPNQBSFT UIF DIBOHF PG UIF SPCPU HE
XJUIUIFIVNBO HSBTQJOH JOUFOUJPO BUUIF DPSSFTQPOEJOH QP,
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XJUIUIFG& CFJOH HFOFSBUFE GSPNxlyIHDVSSFBUHWFOBEHR PCTFSWBU
XIJIVBt‘,;'gh SFQSFTFOUTUIF PQUINBMSFUBWHFBY OBBQPMBUFE UIJT

PQUJIJNJ[BUJPO UBSHFU GSPN EBUB FYUSBDUFE GSPN UIF FYQFSU I
BMJHONFOU PG JNJUBUJPO UP UIF U\PNBBOMFPABIM ® QU INZIJBHJIPO TU
X1IJDIJTJODSFBTFE FWFSZUJNF BDPNNBOEJTJTTVFEUP UIF SPC|
NPEJSFE EVSJOHUIF QSFWJPVTMZ NFOUJPOFE IJHI MFWFM NPUJP

S5IF HSBTQuREHY FOTVSFT UIBU UIF SPCPUJT QVOJTIFE GPS IBWJO'
HSBTQJOH JOUFOUJPOUIBO UIFFYQFSUBU UIFDPSSFTQPOEJOH L
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UIFFYQFSUJT PCTFSWFE BOHEL P HBBSDQJETH BRUCBTF UIJT DPTU PO U
DIBOHF PG HSJQQFS XJEUIJOTUFBEPGJUTDVSSFOU TUBUF UP LF
NJOJNVN WBMVF SFTQFDUJWFMZ
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8F EJTNJTTFE SSTUVTJOH UISFTIPMEJOH UP EFUFSNJOF XIFUIFS L
PQFOPSDMPTFEBOEBGUFSXBSEDPNQBSJOHUIJT TUBUF UP UIF I
EZOBNJDT 8F NBEF UIFFYQFSJFODF UIBUUIJT XPVME FODPVSBHF
HSJQQFS TQBO XJUIJOUIF SFTQFDUJWF SBOHF TFU CZ UIF UISFTIF
IFME PCKFDU ESPQ TPNFUIJNFTPS MFBE UP UPQQMJOH JU PWFS EV
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*OPVSTFUUJOH XF XFSFBCMFUP BDIJFWF HPPE SFTVMUT XJUIBT
FOGPSDFECZPVSDPTUT OBNFMZ BWPJEJOH TPPS DPMMJTJPO 8F
NBOJQVMBUPS PSUIFIFMEPCKFDU SFTQFDUJWFMZ BMXBZT TUBZ
hnySFMBUJWF UP UIF XPSME PSJHJO 8F GPSNVMBUF UIF DPSSFTQF
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8F GVSUIFS FYQBOE PO UIFCBTJD TBNQMJOH TUSBUFHZ JNQMFNF(
5|F NFUIPEVTFEUP HFOFSBUF DPOUSPMT GSPN UIF PQUJNJ[FE (BV
GBTUDPOWFSHFODF BT XFMM BT TNPPUI USBKFDUPSJFT BOE GVSL
GPS UIFOFYUPQUJNJ[BUJPODZDMF 8F DPOUJOVF UBLJOH UIF NFI
EJTUSJCVUJPOBTUIFOFYUBDUJPOBTJOUIFCBTJDJNQMFNFOUB
BMPOH UIFIPSJ[PO PG FBDI EJNFOTJPO UP TNPPUIUIF TBNQMFE U:¢
GSBNFXPSL BT NPTU .11*T PO SFBMTZTUFENT <.QQJTSD ><.QQJTSEL
LJOEPG DPWBSJBODF VQEBUF GPS UIFTBNQMJOH EJTUSJCVUJPO
MPXJNQ@BDU POUIFUPUBM FSSPSTIPXMBSHF PTDIJMMBUJPOT BSPV
KJUUFS PG UIF FOEFRFDUPS XFBEEJUJPOBMMZ NBLF VTF PG B NFE
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Step Step @ Raw Gaussian Sampling

e==s Updated variance, smoothing
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8F BMTP JOUSPEVDF B CBTJD DPWBSJBODF VQEBUF GPS UIF TQBUJE
UIFDPNCJOFE JOJUJBMMZ TRBED$PHE DPIWBRERIBSPDFAOEJOH BDUJPC
EJNFOTJPOT BDDPSEJOH UP UIFJS SFTQFDUJWF TIBSFJO UIF UPUE

S5IJTIJODSFBTFT FYQMPSJOH JO EJSFDUJPOT XJUI B MBSHF EJTUBC
SFEVDJOH NPWFNFOU JO XFMM NFUBYFT 8FIBWFPOMZJOUSPEVDEF
EJNFOTJPOT CFDBVTF XFDBO EJSFDUMZ JOGFS UIFJSJOEJWJEVBM
FSSPS
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8F IBWF DIPTFO UP EFNPOTUSBUF UIFDBQBCJIJMJUJFT PG PVS GSBN
UIBUJODPSQPSBUFT NBOZDIBMMFOHFT GSPN SPCPUNBOJQVMBU
QMBZ UIF TPDJBM HBNF Z6CPOHP+ XIJDICBTJDBMMZ DPOTJTUT PG
CZSOEJOHUIFDPSSFDUBSSBOHFNFOU PG CVIMEJOH CMPDLT 5IF
DPNQMFY TIBQF S5I1JT HBNFDPNCJOFT QJDL BOE QMBDF XJUI QFH J
XIJMF TPMWJOH FBDI QV[[MF FWFO SFRVJSFT IJHI MFWFM BDUJPO
JOUFSFTUJOH SFME GPS DPNQVUFS WJTJPOBQQMJDBUJPOT TVDI |
DPMPSGVM QSFEFSOFE PCKFDUT CVUBMTP IBWJOH UP EFBM XJUI
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8F IBWF EFDJEFEUP GPDVT PO UIF QJDLBOE QMBDFBTQFDU PG UIJ
BQQSPQSIJBUF GPS PVSBDIJFWFE MFWFM PG QSFDJTJPO BOE JT SF
PVS QSPQPTFE TZTUFN EZOBNJDT

8F GBDFE UIF QSPCMFN UIBU UIF PSJHJOBM Z6CVOHP+s CMPDLT XFS
NBOJQVMBUF 5IBUET XIZ XF SSTUDSFBUFE $"% NPEFMT PG FWFSZ
VTFEB % QSJOUFS XJUIDPMPSFE SMBNFOUT UP QSJOU CIJHHFS W|
TUSVDUVSBMMZ NBEF PG BOBSSBOHFNFOU PG DVCFT XIJDI XF SF T

DN 8FBMTP FOTVSFE FBTZNBOJQVMBCIMJUZCZLFFQJOH UIFN
SFRVIJSFTBEFTIJHO XJUI NJOJNBM JOUFSOBM TVQQPSU TUSVDUYV S
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8F IBWFUFTUFE PVS XPSL >0 BNVZMEBVWMFRUWKTIOH B NPEFM PG UIF 'SB
1BOE®F IBWF BMTP DSFBUFE NPEFMT GPS FBDI Z6CPOHP+ QJFDF JO
%FNPOTUSBUJPO WIJEFPT BSF DBQUVSFE JO UIF SFBM XPSME BOE L
QSF DPNQVUFE PODF OVS POMJOF QPMJDZ PQUJNJ[BUJPO UBLFT |
DBMDVMBUF B TIOHMF DPNNBOE CVU IBT OPUCFFO GVMMZ PQUJNJ
ZFU "DPNQMFUF MJTUPGIZQFSQBSBNFUFST GPS FWFSZBTQFDU
UIFBQQFOEJY 5I1JTTFU PG QBSBNFUFST EPFT OPU IBWF UP CF TFL
TQFDJSDBMMZ CVU IBTBDIJFWFE HPPE SFTVMUT BDSPTT EJRFSFO
EPNBJO

sr)ZEPYEXMSR 3R4MGO %RH4PEGI 8EWOW

5|SPVHIPVS FYQFSIJNFOUT XFBJNUPBOBMZ[F XIFUIFS PVS GSBN|
JNJUBUF B UBTL FYFDVUJPO JO UIF EPNBJO PG QJDLBOE QMBDF JG
WIJEFP PGB IVNBO EFNPOTUSBUJPO 'VSUIFSNPSF XF XBOUUPTIP
HFOFSBMJ[FTUIFPCTFSWFETLJMM QFSGPSNBODF UP B OFX FOWJ
JOJUIJBM DPOSHVSBUJPOT PG JOWPMWFE PCKFDUT BOE DBO DPNC
FNCPEJNFOU PG UIFIVNBO UFBDIFS FTQFDJBMMZ EVSJOH HSBTQJO
IBTUP TVUDFUBTL VOSFMBUFE TIEF HPBMT BT NFOUJPOFE JO UIF

"TBEJSFDUNFBTVSFNFOU PG PVS QPMJDZ PQUJNJ[BUJPO RVBMJU
GPSNVMBUFE DPTU GVODUJPO GPS FBDITZTUFN TUBUF SFBDIFE E°
DPNQBSF EJRFSFOU QBSUT PG UIFIVNBO NPUJPO BOEDPSSFTQPO
TIPXUIBU XF SFQSPEVDF EFNPOTUSBUFE USBKFDUPSJFT BT DMPT|
BEBQUJOH UP UIF SPCPUET IBSEXBSFBOEJUTBVYJMJBSZ SFRVJS

SPUIJT FOE XFSSTUBOBMZ[FBEFNPOTUSBUJPO WJEFP PG B TINC
JOWPMWJIOH POMZ Z6CPOHP+ QJFDFT TJODF UIF SFTVMUJOH DPTL
TDFOBSJPBMTP BMMPXT GPS UIF CIHHFTU WBSJBUJPO JO UIF JOJL
X1JDIJODMVEFT UIFTUBSUJOH QPTF PG UIFIVNBO IBOE J FUIF SPC
QPTFT BT XFMM BT SFMBUJWF PCKFDU QPTFT SIFHIWFO UBTL DPO
PCKFDUT NPWJOHJU XJUIBTQFDJSD USBKFDUPSZ BOE QMBDJOH
SFMBUJWF UP UIF PUIFS TUBUJD PCKFDU 8FDPOTJEFS UIFJNJUBL
PQUJIJNJ[BUJPO TUFQ SFBDIFTUIF MBTU 7&(JO UIF FYUSBDUFE UBT
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4FDPOE XFJOUFOEUPTIPXUIBU XFDBOTFRVFODF NVMUJQMF EJT
JOWPMWJIOH EJRFSFOU PCKFDUT XJUIJO B EFNPOTUSBUJPO 5IF DF
TINIJMBS UP UIF QSFWJPVT CVU XFJOUSPEVDF UIFDPOTUSBJOU U
IBWFUPCFFRVBMUPUIFIJSDPVOUFSQBSUT JOUIFPCTFSWFE FYFI
DBQEBCIMIJUZ PG PVS NFUIPEJT MINJUFE GPS NVMUJQMF JOWPMW
JNJUBUJPO BSF QSPWJEFE CFMPX XJUIBWJTVBMJ[BUJPO PG JOE.
UIFOFYUBDUJPOUPCFFYFDVUFE

*MKYVITMQYPEXMSR SJ XLIVIWYPXMRKMQMXEXMSR 7LS[RLIVIM
XEWO MR XLI WIUXBRRGPANMKKMIXMEP GSREK YWEHXMS RV I
KVEWT TRIWXSQPYIXX KFEWXSQ MMKWLXVIPIEWI
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*MKYVIZTMQYPEXMSR SJ XLIVIWYPXMRK MQMXEXMSR 7LS[R LIVI

4PEGI XEWO MR XLI WXSYIRMEMXEXMRK LYQERXVERWMXNM

VMKWAGSRH TVI KVERBKXSYPWRILBSRH KFEXWXSQ VMKLX
WIGSRH VIPIEWI
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S IFHMPCBM DPOWFSHFODF PG PVSDPTUJOEJDBUFT UIBU XFDBO HF
FYFDVUJPO UP B OPWFM TDFOBSJP RVJUF XFMM FWFO JG EJRFSFC
TIJOHMF EFNPOTUSBUJPO )PXFWFS JG NPSFUIBO PCKFDUTBSFC
SFMBUJWF QPTFT UP CFDPOTJTUFOU XJUIUIPTF PCTFSWFE OUIFS
GPSBNFBOPG SFMBUJWF EJTUBODFT 'VSUIFSNPSF XFDBO FUDJ
BTQFDUT UP SUPVS SPCPUET FNCPEJNFOU CFUUFS BOE BDIJFWF°
UIFBQQSPBDIPG UIFIVNBO IBOEJO CFUXFFO "TEFNPOTUSBUFE X
QBSUJDVMBS TLIMM UP QFSGPSN JU BT OBUVSBMMZ BT QPTTJCMF

XJUIBHSBTQJOHBQQSPBDIPGIJTDIPPTIJOH 51JT GSFFEPN JT TU.
QPTFFTUJNBUJPO UFDIOJRVFT XIJDI SFRVJSFBMM "SVDP NBSLFST
NVDI BT QPTTIJCMF PG UIFIVNBO IBOEJTWJTJCMF %FTQJUF VTJOH
PVS .1$ JNQMFNFOUBUJPO IBT QSPWFO UP QSPEVDF QPMJDJFT UIB
PWFSBMM DPTUBT XFMM BT MPDBM TQJLFT 5IF MBUUFSJT DBVTFE
UBSHFU XIJDIPOBTNBMM TDBMF DPSSFTQPOE UP B OBUVSBM QS
PSPOBCJHTDBMF UP UIFCFHJOOJOHPGIIJHI MFWFM NPUJPO QIBTI
FOGPSDFE EFTJSFEIJHI MFWFM CFIBWJPST QBSBMMFM UP UBTL DI

8F QSPQPTFE B GSBNFXPSL GPS WJTVBMJNJUBUJPO MFBSOJOH UIE
WJEFP EFNPOTUSBUJPOT QFS UBTL 8F JOUSPEVDFE B HSBQI CBTF
JOWBSJBOU BHBJOTU NBOZ QSPCMFENT PG WJTVBM JOGFSFODF CS
HBQ BOEBMMPXT GPSIBOE DSBGUFE NPEJSDBUJPOT PG UIF NPUJP
BMTP EFTDSJCFE IPXUP FYUSBDUBOE QVSJGZUIF SFMFWBOU EBU
DPMMFDUJPO BT FBTZBT QPTTJCMF 'VSUIFSNPSF XFIBWF GPSNV
GVODUJPOTUIBU JODFOUJWIJ[FTUIF SFQSPEVDUJPO PG SFMBUJW
XIIMFBMTP FODPVSBHJOH NPSF HFOFSBM HPBMT PG SPCPU NBOJQ\
BTQBSUPGBDPOUSPMBMHPSJUINCBTFE PO NPEFM QSFEJDUJWF D

ts



TINQMF TZTUFN NPEFMTBOE FUDJFOUMZ EFSJWF MPDBMMZ PQUJN
TIPXFEUIFDPNCJOBUJPO PG FBDI FMFNFOU UP B DPNQMFUF QJQFM
QFSGPSNFE TLIMM XJUIJO B GFX NJOVUFT XJUIPVU SFRVJSJOH FY
USBJOJOH

tq *YXYVI;SVO

OCKFDU %FURDSUDPOSFOU GSBNFXPSL SFMJFT PO "SVDP NBSLFST L
FTUJNBUJPO PG UBTL SFMBUFE PCKFDUT 60GPSUVOBUFMZ SEVD
JNNFEJBUFMZ XIFO BOZ EFHSFF PG PDDMVTJPO PDDVST XIJDI IBQ
HSBTQJOH NPUJPOTBOE JG NVMUJQMF PCKFDUT BSFJOWPMWFE J
XJUI B NPSF SFMJBCMF QPTF FTUJNBUJPO UFDIOJRVF JT B TUSBJHI|
XF BSFVTJOHB QSFEFSOFE TFU PG DPMPSGVM SJHJE PCKFDUT XJL
HFOFSBUJPO PG MBSHF BNPVOUT PG TZOUIFUJD USBJOJOH EBUB J
BDDFTT UP 3(#% JOQVU XIJDINFFUTUIF SFRVJSEFNFOUT GPS NPSF
MFBSOJOH CBTFE USBDLJOH NFUIPETBT < >UIBUBSF USBJOFE P
FTUJNBUF UIFJS NPTU MJLFMZ QPTF VOEFS UIF DVSSFOU PCTFSWB
BHBJOTU PDDMVTJPO VTE QSFWJPVT EFUFDUJPOT BT QSJPST BOE
QSFQBSBUJPOT

B3FOOJOH UIF .1$ RODODEPMNF VTF B DPNQPTJUFDPTU GPS PVS .1$ BM
BEEJUJPO PG NPSFJOEJWJEVBM UFSNT XIJDIFOBCMFT UIF DPNQN
RVJUF FBTZBOE POMZ SFRVJSFTUVOJOHPGUIFDPSSFTQPOEJOH X
JODSFBTF PG UIF .1$ET TBNQMF TJ[F %FTJSBCMF PCKFDUJWFT JO ¢
BWPJEBODF XJUI PCKFDUT QBUI QMBOOJOH BSPVOE KPJOU TJOHVNM
WFMPDJUZPS BDDFMFSBUJPO MJNJUT "MTP NPSFTPQIJTUJDBUF
QFSNBOFOU DPWBSJBODF VQEBUFT JOBMM BDUJPO EJNFOTJPOT |
DPOUSPM TFRVFODFT BOE FUDJFOU TNPPUIJOH DPVME TIHOJSDB
QSPDFTTBOEJNQSPWFUIF SFTVMUJOH USBKFDUPSJFT "MM QSFW
FYQMPSFE JO UIJT XPSL< > XIJDIVTFTB XJEFBSSBZPGBVYJMJB
SFRVIJSFNFOUT )BMUPO TBNQMJOH BOE FOGPSDFNFOU PG MPX K
SFTVMUT XJUl MJUUMF DPNQVUBUJPO UJNF
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-FBSOJOH FEHF BUUFOUJPO ZEBXK NFUBEBTUWBIOH EJSFDUJPO PG G\
FYUFOTJPOJT NFUB MFBSOJOH PG FEHF BUUFOUJPO CBTFE PO UIF
PCKFDU PCKFDU SFMBUJPO BDSPTT NVMUJQMF EFNPOTUSBUJPOT
BUUFOUJPO FODPEFT B GVOEBNFOUBM VOEFSTUBOEJOH XI1JDI XP
MIJNJUBUJPOT PG HFOFSBMJ[BCIJIMJUZ BOEBMTP SFNPWF VODFSUE
NFBTVSFIVNBO BUUFOUJPO OVSTFUVQBMSFBEZBMMPXT GPS UIF I
QSPDFTTFEUSBJOJOH EBUB JOBTIPSUUJNF XIJDIJT POF PG UIF I
NFUB MFBSOJOHBQQSPBDIFT

tu



WTTIRHM\

@ 4VSSJ3J1IIXVMG 4VSTIVXMIW

8F IBWFJOUSPEVDFE B EJTYBDIDFMNIFUSIDOEVOJU RVBUFSOJPO TQE
2 XIIJDIJT GPSNVMBUFT BT GPMMPXT

E(R; B)= ji R BiingH
iRneFl | 3FRY

8F BSFHPJOHUP QSPPG OPX UIBU UIJT GVODUJPO TVUDFT BMM SFF
SIFTFQSPQFSUJFTBSFWBMJE GPS BMM RVBUFSOJPOT JO 2

RR=jRji’. R= R
jiR=1
(JWFO BOE QSPWIJOHUIFJEFOUJUZ PG JOEJTDFSOJCMFT J
0=1j 3Flgi= B&(R;B), R= B
8F VTFUIFBOUJIPNPNPSQIJTNPGDPOKVHBUJPOT BOE
iRiines1l j 3FRgj=1 | 3FRj=jiRnen
UP TIPX UIBUPVS NFUSJDJT TZNNFUSJD
B(R;B) = iR Bines i BR 'iine# i BRines Ex(R: R)

'PSUIFQSPPG PG UIFUSIBOHMF JOFRVBMJUZ XF SFGFS UP UIJT XP
QSFTFOUT B NBUIFNBUJDBMMZ FRVIWBMFOU NFUSJD
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