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Abstract

This thesis designs and deploys a real-to-sim-to-real pipeline that
integrates Sampling-based Model Predictive Control with GPU-
accelerated MuJoCo MJX simulation and a Franka Research 3 robot
for contact-rich manipulation. Using Bugtrap Escape and the Push-
T benchmark in both simulation and hardware, we evaluate the
Model Tensor Planning (MTP) algorithm against MPPI, CEM, and
Predictive Sampling under practical real-time constraints. Across
settings, MTP reliably handles challenging local minima and mode-
switching behavior, demonstrating robust sim-to-real transfer at
planning frequencies up to 10 Hz. In addition, we study domain
randomization (DR) for sampling-based MPC via parallel rollouts
over randomized physics domains with feedback-based reweight-
ing. We find that randomizing global physics parameters (e.g.,
mass, friction) often yields weak adaptation signals in contact-
dominated regimes. This lack of signal is primarily due to the
fact that observed behavior is dominated by constraint resolu-
tion rather than underlying physics—a direct consequence of the
coarse timesteps and solver adaptations required to meet real-
time planning speed requirements. In contrast, contact-initiation
parameters (e.g., collision margins) produce more interpretable,
mode-dependent weight evolution. Overall, the work validates
MTP as an effective sampling-based MPC method for contact-rich
tasks and clarifies practical limits and opportunities for adaptive
domain randomization in real-time planning.




Zusammenfassung

Diese Arbeit entwirft und implementiert eine Real-to-Sim-to-
Real-Pipeline, die eine auf sampling-basierter modellpradik-
tiver Regelung (MPC) mit einer GPU-beschleunigten MuJoCo
MJX-Simulation und einem Franka Research 3-Roboter fiir kon-
taktreiche Manipulationen integriert. Unter Verwendung von
Simulations- un Hardwareversuchen bewerten wir den Model
Tensor Planning (MTP)-Algorithmus im Vergleich zu MPPI, CEM
und Predictive Sampling unter praktischen Echtzeitbeschrankun-
gen. Uber alle Einstellungen hinweg bewiltigt MTP zuverlis-
sig schwierige lokale Minima und Moduswechselverhalten und
demonstriert einen robusten Sim-to-Real-Transfer bei Planungsfre-
quenzen von bis zu 10 Hz. Dariiber hinaus untersuchen wir die
Doménenrandomisierung (DR) fiir die sampling-basiertes MPC
iiber parallele Rollouts iiber randomisierte Physikdoménen mit
feedback-basierter Neugewichtung. Wir stellen fest, dass die Ran-
domisierung globaler Physikparameter (z. B. Masse, Reibung)
in kontaktreichen Szenarien oft zu schwachen Anpassungssig-
nalen fiihrt. Dieses Fehlen von Signalen ist in erster Linie darauf
zuriickzufiihren, dass das beobachtete Verhalten eher durch die
Auflosung von mathematischen Nebenbedingungen als durch die
zugrunde liegende Physik dominiert wird — eine direkte Folge der
groben Zeitschritte und Solver-Anpassungen, die erforderlich sind,
um die Anforderungen an die Echtzeit-Planungsgeschwindigkeit
zu erfiillen. Im Gegensatz dazu erzeugen Kontaktinitiierungspa-
rameter (z. B. Kollisionsspielraume) eine besser interpretierbare
Entwicklung der Gewichtungen. Insgesamt bestétigt die Arbeit
MTP als eine effektive sampling-basierte MPC-Methode fiir kontak-
treiche Aufgaben und verdeutlicht die praktischen Grenzen und
Moglichkeiten der adaptiven Domanenrandomisierung in Echtzeit-
Planungen.
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1. Introduction

1.1. Motivation

Model predictive control (MPC) [18, 42] has long been a staple in process engineering and robotics due to its
ability to incorporate explicit system dynamics and constraints into the control loop. Classical optimization-
based MPC formulations typically require strong assumptions like linearity, convexity, or smooth differentiability
to ensure real-time feasibility. These assumptions break down in many robotic scenarios, in particular in
contact-rich manipulation tasks, where dynamics are hybrid, nonsmooth, and subject to substantial model
uncertainty. As a result, there has been increased interest in sampling-based variants that trade analytical
structure for direct forward simulation of candidate control sequences.

Moreover, these methods have become increasingly attractive due to the widespread availability of massively
parallel hardware such as GPUs. Efficient CUDA-based implementations of sampling-based MPC methods
already exist [50] and can achieve impressive real-time performance, but they typically rely on hand-crafted
or simplified dynamics models that are expensive to design, difficult to scale, and often inaccurate outside
a narrow operating regime. This design burden makes them ill-suited for rapid prototyping and raises the
question of whether we can instead directly leverage full-featured physics engines as dynamics backends.

Recent work has begun to explore this direction by coupling sampling-based MPC algorithms with highly
parallel physics simulators, such as MuJoCo/MJX [9] and Isaac Gym [33], enabling large-scale rollouts over
many trajectories in a single planning step. At the same time, the Model Tensor Planning (MTP) algorithm [28]
was proposed as a hybrid sampling-based controller that combines elements of MPPI, CEM, and Predictive
Sampling with a structured global sampling strategy to systematically escape local minima. MTP has been
demonstrated in simulation, where it outperforms standard baselines on tasks with pronounced local minima
and multi-modal solution strategies.

However, both the original Hydrax framework [23] underlying these simulations and the initial MTP experi-
ments remain purely simulation-based, leaving open critical questions about real-world applicability. First, it
is unclear whether MTP’s exploration benefits persist when planning frequencies are constrained by real-time
requirements and physical hardware interfaces. Second, the interaction between contact-rich dynamics,
soft-constraint solvers, and sampling-based planning under practical computational budgets has not been
thoroughly characterized. Third, while domain randomization has been proposed for sim-to-real transfer
in sampling-based MPC, prior work often underspecifies implementations and protocols [39], evaluates
mainly on simple proof-of-concept successes, and leaves the meaning/validity of randomized parameters
ambiguous [1], leaving it unclear when and why DR reliably improves real-world performance.

The goals of this thesis are therefore threefold:

Algorithmic evaluation: Extend our understanding of Model Tensor Planning relative to established sampling-
based MPC baselines such as CEM, MPPI, and Predictive Sampling, both in challenging simulation scenarios and




in real-world experiments. We aim to validate whether MTP’s structured exploration translates to improved
performance and robustness when deployed on physical hardware under real-time constraints.

Real-to-sim-to-real pipeline: Design and implement a complete real-to-sim-to-real pipeline that couples MTP
with a GPU-accelerated physics engine (MuJoCo/MJX) and a physical Franka Research 3 robotic arm, using
the Push-T manipulation task as a benchmark for assessing performance, robustness, and failure modes across
simulation and hardware. This pipeline must address practical challenges including asynchronous control,
state estimation via motion capture, solver tuning for real-time performance, and handling computational
bottlenecks in batched physics simulation.

Domain randomization: Investigate DR as an additional degree of freedom in sampling-based MPC. We
examine what types of physics parameters provide meaningful feedback signals at MPC replanning frequencies,
and how to trade off the sample budget between parallel domains and trajectory diversity without sacrificing
control quality.

Our evaluations across extensive sim-to-sim experiments, real-world deployment on the FR3, and an analysis
of domain randomization strategies validate MTP’s practical utility. At the same time, while we demonstrate
that domain randomization can be made to work in this MPC setting, our findings underscore that robust and
systematic sim-to-real scaling remains difficult due to contact sensitivity, weak/ambiguous adaptation signals,
and tight real-time constraints.

1.2. Structure of the Document

This thesis is organized as follows. Chapter 2 provides theoretical foundations in dynamical systems, optimal
control, MPC variants, and domain randomization. Chapter 3 reviews related work, focusing on key inspirations
for Model Tensor Planning. Chapter 4 formalizes the proposed MTP methodology and its extensions. Chapter
5 describes the implementation and experimental setup, spanning simulation and real-robot pipelines. Chapter
6 presents results from benchmarking, scaling analysis, and real-world evaluation. Chapter 7 concludes with
findings and future directions.




2. Foundations

This chapter introduces the theoretical background for this thesis. We begin with a general formulation of
dynamical state-space models and use this framework to motivate the principles of optimal control, from
which model predictive control (MPC) arises as a receding-horizon approximation. Building on this, we discuss
sampling-based variants of MPC that replace explicit optimization with stochastic evaluation and selection
mechanisms. Finally, we introduce the concept of domain randomization as a framework for improving
the transfer of simulation-trained policies to the real world. We define various techniques for aggregating
information across multiple domains and describe how real-world feedback can be incorporated to perform
statistical updates of a domain distribution.

2.1. Dynamical Systems

A dynamical system describes the time evolution of a system’s state. In the context of control theory, the
state variable is typically denoted by x € R", evolving according to an autonomous or controlled differential
equation. For practical purposes, and because all systems of ordinary differential equations (ODEs) can be
transformed into first-order systems via state augmentation, we consider first-order systems without loss of
generality. The general, continuous-time, controlled system evolution is described by

x = g(x(t), u(t))

where g: R™ x R™ +— R" is the system dynamics and u € R™ a control input vector. In most real-world
applications, control actions are implemented digitally. Therefore, even when the underlying physical system
is continuous-time, one must discretize it for control synthesis [14, Ch. 4]. This discretization (e.g. via
zero-order hold or Euler approximation) yields the state update

Xpi1 = X + Atg°(Xg, uy),

Additionally, for nonlinear systems, it is often convenient to employ local linearization around an operating
point (x,u) [8, Sec. 2.4]. The linearized continuous-time dynamics are:

og°
pdu= 5l

%)’

. oge¢
X ~ Je0X + Juou, Jyx = a‘( <)
where §x = x — X and du = u — u. The discretization of the linearized system yields:

0Xpt1 = Jx d0Xp + Ju,qdUg,

where Jy 4 € R™" and J, 4 € R™™ are the respective discrete-time system matrices obtained from dis-
cretizing the Jacobians. These transformations—linearization and discretization—are approximations and




inherently introduce modeling errors. Unless the system is exactly linear and time-invariant (LTI) and an
exact discretization is used, the resulting model does not exactly capture the true system dynamics. In any
case, we base this thesis on an (Euler-) discretized nonlinear model of the form

Xkt+1 = g(xk,uk). (2.1)
In many applications, the full state x;, is not directly measurable. Instead, one obtains outputs
Y = l'l(Xk7 uk), (22)

with h : R™ x R™ — RP, from which the state must be reconstructed. This motivates the use of algorithms
such as the Luenberger observer or the Kalman filter, which estimate x; based on measured outputs and the
above dynamics [27].

2.2. From Optimal Control to Model Predictive Control

In many engineering and scientific applications, we are not merely interested in observing the natural evolution
of a dynamical system, but in actively controlling it to achieve specific goals like minimizing energy, reducing
error, or stabilizing motion. This gives rise to the field of optimal control, which seeks the best possible
sequence of actions under given dynamics and constraints.

Mathematically, the control objective is encoded in a cost function that must be minimized subject to the
system’s dynamic equations and admissibility conditions on states and inputs. The most fundamental, albeit
idealized, formulation is the infinite-horizon optimal control problem [18, Ch. 4]:

J*(Xp) = ml}nizgl(xi,ui)

subj. to x;41 = g(x;,w;), i=0,1,2,...
x;,€X, weld, 1=0,1,2, ...

X0 = Xjnit

where I: R" x R™ — R>¢ is the stage cost, and X C R", i/ C R™ are admissible state and control sets,
respectively. Apart from specific cases where the control input can be shown to be a smooth function of the
state and time, this problem is computationally intractable. In practice, control actions are planned over a
finite time horizon, reflecting physical, computational, or operational limitations. For this reason, a natural
extension of the above is the finite-horizon optimal control formulation

T—1
J*(Xo) = mUin If(XT) + Z I(Xi, ui)
=0
subj. to x;41 = g(x;,w;), i=0,...,7—1

x,€X, weld, 1=0,....,T—-1

Xxr e X f

X0 = Xinit,
which trades the infinite horizon for additional terminal conditions over a finite prediction horizon of length 7'.
Here, I;: R™ — R>q is a terminal cost, and Xy C R" is a terminal constraint set, both chosen to approximate




the cost-to-go and constraint set beyond the finite horizon.

This formulation leads directly to the paradigm of Model Predictive Control (MPC) [18, Ch. 3], which solves a
finite-horizon optimal control problem at every time step. Specifically, at time step k, MPC solves:

T+k—1
Tk (Xe) = mUn Ly (Xg ) + Z (X W) (2.3)
subj. to X1k = &(Xi|k, Wilk) 2.4
Xip € X, Wy €U, i=Fk .k+T—1 (2.5)
XpiT|k € X (2.6)
Xp|k = Xk, (2.7)

Key Concept

Model Predictive Control (MPC) solves a finite-horizon optimal control problem online at every time
step, using the current state estimate as the initial condition. Only a subset of the optimal sequence is
applied before re-solving at the next step. This process is known as the receding horizon strategy.

2.3. Optimization- and Sampling-Based MPC

Optimization-Based Approaches

The MPC formulation in Equation (2.3) defines, at each time step, a constrained nonlinear optimization
problem. This formulation is intractable in general due to several factors: the system dynamics are often
nonlinear, complicating closed-form solutions and the presence of state and input constraints can break
the smoothness and differentiability properties needed to compute optimal solutions. To obtain tractable
solutions, the literature has historically focused on special cases that admit closed-form or efficiently solvable
formulations. These approaches, however, rely on simplifying assumptions.

A canonical example is the Linear Quadratic Regulator (LQR) [29], which provides a closed-form feedback
control law even for the infinite-horizon case. In LQR, the system dynamics are assumed to be linear,
X1k = AXy) + By,

and the cost is quadratic,

oo
T T
T(Xeg) = Y %1 Q%jk + Ry,
i=k

with Q > 0 and R > 0. Under these assumptions, the optimal control law takes the form u;, = — Kx;, where
the gain K is obtained from the discrete-time algebraic Riccati equation. While elegant, this formulation
requires restrictive assumptions: exact linearity, quadratic cost, and the absence of constraints. The Linear
Quadratic Gaussian (LQG) [31] controller generalizes this setup to systems subject to Gaussian process and




measurement noise by combining LQR with a Kalman filter for state estimation. However, LQG inherits the
same structural limitations, namely the reliance on linear system dynamics and exact model knowledge.

When constraints are incorporated while maintaining linear dynamics and quadratic costs, the finite-horizon
MPC problem can be posed as a Quadratic Program (QP). Specifically, for horizon T" and at time step k, one
obtains

k+T—1
min X, ., Ox + x| Qx;, + u,, Ru,
U k+T |k Xk+T|k ik ek Al
i=k

S.t. Xiti1k ZIAXZ‘].c +Bui|k,
Xi|k€X, ui‘kel/{, i=k,....k+T—1,
Xk = Xk,

where X and U are required to be polyhedral sets. This QP can be solved efficiently using interior-point or
active-set methods, and the resulting controller is often referred to as Linear MPC. Such controllers are well
suited for applications with moderate state and input dimensions, and have found widespread use in process
control [44]. Many more variants like these exist based on favourable assumption that enable reformulation
to standard problems of (convex) optimization, please refer to [42, Ch. 2] for more information.

To mitigate model uncertainty and disturbances, robust MPC variants have been proposed [42, Ch. 3]. A
prominent example is Tube MPC [26], which computes a nominal trajectory {X;;, k}f;“,iv and defines a
feedback policy of the form

W), = W + KX — Xypn),

where K is a stabilizing feedback gain. The resulting closed-loop trajectories are guaranteed to remain within
an invariant tube

Xk € Xi\k & Einv,

where &y is a disturbance-invariant set and & denotes the Minkowski sum, i.e. X;;, ® Einy = X, + € | € € Epny.
This construction ensures constraint satisfaction even under bounded disturbances. However, Tube MPC
depends on an accurate disturbance model, introduces conservatism by shrinking the feasible region, and
increases computational cost due to the need for set-based computations.

Despite their tractability, these formulations face important limitations. Real robotic systems are rarely
exactly linear, particularly in contact-rich manipulation tasks where the dynamics are hybrid or discontinuous.
Differentiable cost structures, although mathematically convenient, exclude many objectives of practical
interest, such as max-norm penalties, sparsity-inducing criteria, or discontinuous rewards. Similarly, simple
constraint sets like polyhedrons cannot accurately model nonlinear actuator characteristics, torque-speed
envelopes, or collision-avoidance constraints, which are inherently non-convex.

Moreover, the resulting controller is only optimal with respect to the chosen specification of the cost function
and constraints, which themselves are idealized models of the system and its environment and are often
based on heuristics. Any mismatch between the modeled and actual dynamics, unmodeled constraints, or
unanticipated disturbances can therefore lead to performance degradation. Additionally, the cost function plays
a central role in determining the controller behavior, yet mapping a desired behavior to an appropriate cost
function is a complex engineering task, further complicated by restrictions on the functional form. As a result,
controllers derived from these formulations are fundamentally limited and may exhibit poor performance or
even infeasibility when applied to complex systems.




Sampling-Based MPC Framework

These challenges have motivated the development of alternative formulations that relax some of the analytical
and computational requirements of traditional MPC. Sampling-based MPC refers to a family of methods that
draw inspiration from statistical physics and information theory, rather than from classical optimal control
theory. Instead of explicitly solving a nonlinear optimization problem, these approaches rely on stochastic
sampling of control trajectories and determine statistically optimal actions through appropriate estimators.
This perspective enables the direct treatment of nonlinear and nonconvex dynamics under stochasticity and
uncertainty, and avoids many of the differentiability requirements of gradient-based optimization.

Arguably the most prominent formulations are the Model Predictive Path Integral (MPPI) [54] control and the
Information-Theoretic MPC (IT-MPC) [56] frameworks. In this work, we focus on the latter and only sketch
out MPPIL. We do this because IT-MPC provides a more general theoretical foundation that encompasses MPPI
as a special case while requiring fewer assumptions on the system model and cost structure. In the following,
all densities are with respect to the Lebesgue measure.

The key idea in sampling-based MPC is to model the control inputs as a random variable
X1k = §(Xijk Vi), Vile ~ N (Wi, Zij), (2.8)

where x;;, € R" over a fixed finite horizon i € {k, ...,k +T — 1} and X, € R™*™, ¥, = 0. Input and mean
control action sequences are denoted

Vi € R™T = (Vg oo, Viey 7 18) (2.9)
U; € R™*T = (uk|k, ...,uk+T_1‘k). (2.10)

respectively. Based on this and the assumed covariance, the probability density function of actual control
inputs is

k+T—-1
1
q(Vg[Up, X)) = ——x—exp( — 5 (Vi — W) "2 (Vi — W) ). (2.11)
e (72 & e o)

The corresponding measure is denoted Qy, ». In many applications, X is obtained by simply stacking 7" copies
3, in a block diagonal matrix. The Gaussian formulation captures two essential aspects while enforcing
maximum entropy: the mean represents the nominal trajectory around which the input fluctuates, while the
covariance quantifies how much confidence we place in this nominal value for every control input.

This stochastic perspective is advantageous in scenarios with nonlinearities, imperfect models, or contact
dynamics, where precise prediction is inherently unreliable. Furthermore, robotic systems typically rely
on smoothing via filters and low-level controllers running at very high frequencies, leading to additional
uncertainty. This is naturrally coeverd i this setting

Mathematically, this theoretical framework is based on the duality between the so-called free energy and the
relative entropy. The free energy of a cost function S(z): R? — R with respect to IP at scale A > 0 is defined as

1
F(S,p,\) = log (EM [exp ( - XS(m))D (2.12)
From an information-theoretic point of view, free energy captures the "effective value” of minimizing the cost
S(z) when accounting for uncertainty about the systems state. As such, the base measure P encodes prior
belief about the system state, while A controls how much we trust this prior.




Intuition: Free Energy

For high A\, we put more trust on IP by blurring the cost landscape and allow the weighting given by the
measure to have a larger effect on the expectation. Conversely, low \ puts more emphasize on costs
instead of the state. This corresponds to higher entropy on the system state.

Using importance sampling and Jensen’s Inequality, we can derive the inequality
—AF(5,p,A) < EenglS(2)] + AKL(Q|[P), (2.13)

based on another measure QQ, which —in its most general form- is called the Gibbs Variational Principle. The
inequality in (2.13) shows that in addition to the definition above, the free energy is the best compromise we
can do to minimize the cost while limiting information gain / stay close to the prior. The tradeoff is again
guided by the inverse temperature \.

Intuition: Gibbs Variational Principle

For A — 0, the cost dominates. We disregard the prior distribution and simply perform hard minimiza-
tion, selecting the state with the lowest cost. Information gain relative to the base measure does not
matter since the measure is not trusted.

For A — oo, the prior dominates. The cost is ignored, and minimizing information gain means leaving
the base measure unchanged. The result is simply the expected cost under the prior P.

The Gibbs Variational Principle tells us that if we want to minimize a cost function S by picking a distirbution
that is focused on low cost states , any Q that fulfills Equation (2.13) with equality is optimal.

A general approach to derive an algorithm is to assume a certain family of distributions for the prior and the
general form of the cost function. Combining this with our form of control input distribution in Equation
(2.11), this allows us to determine the form of the optimal distribution ¢*(z) that achieves the lower bound in
Equation (2.13). While we cannot directly sample from ¢*, we can solve

0* = arg an KL(Q"||Q), (2.14)

by iteratively updating its parameters # based on expectations evaluated via importance sampling with a
proposal distribution W with density w. In most cases the parameter is the mean of a Gaussian distribution
while control input constraints can be integrated by clipping, allowing a simple mean update

Bo-[Vi] = Bafw(ViVil, wi(vi) = T 0K, 215)
IT-MPC and MPPI
The general IT-MPC [55] is based on a state-dependent cost function
S(Vi; Xi) = C(Xk, 8(Xk, Voir,), 8(8(Xe, Vo), Vijk)s - - - )- (2.16)
We assume a prior distribution with density of the form
p(Vi) = (Vi | Uy, Z), (2.17)




which enables a closed-form solution of the optimal update distribution,
. 1 1
¢ (Vi) = p eXp( - XS<Vk>> p(Vi), (2.18)

where A > 0 is a temperature parameter and 1 a normalization constant. Substituting this into the Gibbs
Variational Principle (2.13) reveals that IT-MPC is equivalent to minimizing a stochastic optimal control
objective with an implicit quadratic-affine control cost induced by the KL divergence between the proposal
and optimal distributions.

Choosing the previous iterate as the proposal distribution, W = Qg 5, the update law takes the form
Uk = EkaQﬂk,E[W(Vk)Vk]’ (219)

with importance weights
: 1 : . - ,
wvi) = exp( — 4 (S(V) + AU~ T) =71V} ) ). (2.20)

Some authors also update the covariance based on this via the standard update formula. Thus, IT-MPC
iteratively refines the distribution parameters by exponentially reweighting sampled trajectories according to
their cost. In practice, expectations are approximated via Monte Carlo samples.

Model Predictive Path Integral control (MPPI) [54] is obtained from the IT-TMPC formulation by making the
following assumptions:
1. Additive Gaussian control perturbations.

Vi = Up+€, € ~N(0,X) iid. overt,i, (2.21)

i.e., candidates are zero-mean perturbations around the current mean U,, with fixed covariance X.
2. Uncontrolled Gaussian prior and proposal distribution.

(Vi) = w(Vi) = q(Vi | 0,3y). (2.22)

With this choice, the regularization term induced by KL(Qu x || Qo 5) becomes a quadratic penalty on
the mean controls:

KL(N (U, 2) | N(0,%)) = $U;Z7'U, + const. (2.23)

Thus a quadratic control cost is enforced implicitly by the (zero-mean) prior through the KL term.
However, this also means that the sampling covariance X is not arbitrary but tied to the control penalty:
directions with larger variance correspond to cheaper control effort, while directions with smaller
variance correspond to expensive control effort.

In the original paper, the authors rely on arguments from stochastic optimal control and partial differential
equations, which require additional assumptions such as smooth dynamics and specific structure of the control
costs.

Ultimately, practical versions of both IT-MPC and MPPI arrive at the same update law by incorporating the last
iteration, but MPPI has to do this through heuristic manipulation of the result, whereas IT-MPC enables direct
incorporation in form of the prior

B(Vi) = p(Vi|aUy, X). (2.24)
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For a = 0, this corresponds to the base MPPI algorithm, while o« = 1 realizes a trust region around the last
iterate. The weights are thereby computed via

w(V}) = - exp( — 4(SVi) + A1 - e)(©) =7V} ). (2.25)

which additionally makes tuning of the temperature parameter \ easier. In Equation (2.20), setting high
temperature values, e.g. when expecting good control authority can result in unstable behavior, because most
samples will have vanishing weights. With the new prior, we can work against this by setting higher values for
«, balancing smoothness and control cost. Additionally, the formulation itself is globally optimal in the limit
of infinite exploration, while MPPI only guarantees convergence to local minima [56].

Key Concept: IT-MPC

The IT-MPC formulation uses minimal assumptions on costs, dynamics and constraints, requiring no
smoothness or even continuity. Uncertainty is endcode in a prior distirbtuion of the control input.
While this provides flexibility in algorithm design, it comes at the expense of deterministic guarantees,
which are replaced by stochastic ones that are susceptible to errors arising from finite-sample Monte
Carlo estimation of expectations.

Cross-Entropy Method

The Cross-Entropy Method (CEM) [41] is another sampling-based approach that can be interpreted as a
special case of importance sampling. Instead of using exponential reweighting as in IT-MPC, CEM reformulates
the objective as a rare-event estimation problem. The optimal distribution is the indicator distribution

G (Vi) = Lsv) <y (2.26)

where ~ is a cost threshold and J¥ is the indicator function. Intuitively, this distribution assigns probability
mass only to the set of “elite” samples whose costs fall below ~.

In practice, the actual numerical value of v does not matter and it is estimated adaptively at each iteration.
Additionally, all distributions are assumed to be Gaussian, yielding closed-form updates. Given N sampled
trajectories {V:}V, ~ N (Ug, 3y) with general costs S¢ = S(Vi), the elite set € is defined as the top E < N
trajectories with the lowest costs:

E={Vi| S <n, ie{l,....,E}}. (2.27)
The distribution parameters are then updated by maximum likelihood estimation using only this elite set:
1 .
U=+ Vi (2.28)
Vieg
1 . )
o= S ViUV - U (2.29)
vieg

Unlike IT-MPC, which smoothly reweights all samples, CEM discards suboptimal samples and updates its
distribution using only the best-performing trajectories. This focus on elites often improves sample efficiency
but can make the method more susceptible to local minima.
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Algorithm 1 MPPI Algorithm 2 CEM
1: Initialize (U, X) 1: Initialize (U, X)
2: fork<+ 1to... do 2: fork<+ 1to... do
3: Sample trajectories V' ~ N (U, 2) 3: Sample trajectories Vi ~ N (U, X)
4: Roll out dynamics, compute costs S(V?) 4: Roll out dynamics, compute costs S(V?)
5:  Compute weights w' o exp(—S(V')/A) 5. Select elite set & = {V' | S(V!) <~}
6: U+ Y wiV 60 U+ £ yiee V!
7: ¥ > w(U—Vi)? 7: = Yyiee(VE—U)?
8: end for 8: end for
9: Apply ug 9: Apply uy

Algorithm 3 PS

1: Initialize U

2: fork<+ 1to... do

3 Sample trajectories Vi ~ N(U, )

4 Roll out dynamics, compute costs S(V?)
5: Select best sample V* = arg miny: {S(V?)}
6 UV

7: end for

8: Apply vy // best sample

Figure 2.1.: Side-by-side comparison of MPPI, CEM and PS in the notation of Section 2.3. Key differences are
highlighted: sampling strategy, weighting vs. elite selection, and update rule.

Predictive Sampling

Another frequently used method is Predictive Sampling (PS). The idea is to simply select the sample with
best performance in simulation as the new mean. Afterwards, variations are sampled using a pre-defined
covariance at the next iteration. This yields a more aggressive optimizer with high variance and susceptibility
to mode switching, yet it can help escaping local minima. [24] and [3] provide theoretical justification for
this by framing the update law of IT"MPC as a denoising process. Predictive Sampling thereby provides a
maximum likelihood estimate for a Dirac delta at the optimum based on the current samples.

Discussion

Optimization-based and sampling-based formulations of MPC represent two fundamentally different trade-offs
between guarantees and flexibility. Classical optimization-based MPC methods, such as LQR, linear MPC,
or robust MPC, provide strong theoretical guarantees of stability, feasibility, and, in some cases, optimality.
These guarantees are valuable in safety-critical applications. However, they come at the cost of restrictive
modeling assumptions in form of linear dynamics and well-behaved cost functions and constraint sets. In
practice, these assumptions reduce the controller’s ability to capture the complexities of real robotic systems.
Contact-rich manipulation is particularly problematic, as it introduces discontinuities, non-smooth dynamics,
and amplified model errors. Moreover, integrating nonlinear or learned dynamics models, such as neural
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networks, remains challenging within an optimization-based MPC framework due to non-convexity and the
lack of tractable solvers.

In contrast, sampling-based MPC relaxes many of these assumptions by evaluating control sequences directly
through forward simulations of the system dynamics. This paradigm requires minimal structural constraints on
the dynamics or cost function and is therefore well suited for domains with complex physics, uncertainties, or
learned models. It also avoids solver-specific issues by relying on stochastic or population-based optimization,
making it easier to incorporate discontinuous rewards, nonlinear objectives, or control-space constraints.

Nevertheless, sampling-based methods introduce their own specific challenges. Reliable performance typically
requires evaluating a large number of samples at each control step, which can be computationally demanding.
Moreover, while optimization-based methods can guarantee stability and feasibility under their assumptions,
sampling-based MPC generally provides only probabilistic performance guarantees. Enforcing hard constraints
in the state space remains particularly difficult: if infeasible states are penalized, e.g., through infinite costs,
sampling efficiency can deteriorate significantly, leading to overly conservative behavior. Furthermore, the
controller can become trapped in local minima when the cost landscape is highly non-convex, especially with
insufficient sample diversity. Although Information-Theoretic MPC is theoretically globally optimal, achieving
this optimality would require perfect evaluation of the expectation, which is impossible with a finite number
of samples.

Certain problems are inherent to the MPC paradigm and are shared across all its variants. For instance,
rollouts are susceptible to the sim-to-real gap. Additionally, the design of cost and reward functions remains
a significant engineering challenge that strongly influences controller behavior and overall performance,
regardless of the specific MPC formulation chosen.

2.4. Trajectory Parametrization with Splines

In many optimal control and trajectory optimization frameworks, candidate trajectories are represented
explicitly as sequences of states and control inputs at discrete time steps. While this direct representation is
simple, it often leads to trajectories that are piecewise-constant or discontinuous in higher-order derivatives,
which is undesirable for robotic systems where smoothness is critical for safety, efficiency, and hardware
feasibility. For example, sudden changes in velocity or torque can lead to actuator saturation, mechanical
stress, or unstable interactions in contact-rich tasks.

A common strategy to mitigate these issues is to represent trajectories using smooth basis functions rather
than raw sampled sequences. Among the most popular approaches are spline-based parameterizations, which
provide a compact representation of trajectories while enforcing continuity and smoothness by construction.
This not only improves the quality of the resulting motions but also reduces the dimensionality of the underlying
optimization problem, since the trajectory is described by a smaller set of parameters (e.g., control points)
instead of every sample along the horizon.

B-Splines

A widely used approach for trajectory parameterization is based on B-splines [40], which allow one to describe
a continuous curve using a finite number of control points and basis functions.
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Formally, let p denote the degree of the B-spline basis functions and p + 1 the corresponding order. A B-spline

curve is constructed from a set of n + 1 control points z,...,z, € R? and a non-decreasing knot vector
t = (to,...,tmn) of length m + 1. The relation between these quantities is given by
m=n-+p-+1. (2.30)

The B-spline curve C(z) is then defined as a linear combination of basis functions and control points,
n
C(z) =Y Nipl(x)z, (2.31)
i=0

where N; ,(x) denotes the i-th basis function of degree p.

The basis functions are defined recursively. For degree p = 0, the functions reduce to indicator functions on
the knot intervals,

17 lft’b <z < ti-i—la
Nio(z) = ~ 2.32)
0(®) {0, otherwise, (
and for higher degrees p > 1, they are given by the recursion
T —t t; -
Nip(r) = - Nip1(2) + — 5 Nyyy 1 (a), (2.33)
tivp — i Livpt1 — tip1

with the convention that fractions are set to zero whenever their denominator vanishes. In practice, the
evaluation of B-spline curves can be written compactly in matrix form. For a set of pre-determined evaluation

points {zg, z1,...,Zmy}, one pre-computes the non-zero basis function values
(N)ji = Nip(u;), 0<j<m, 0<i<n, (2.34)
and stores them in the matrix
Nop(zo) Nip(wo) ... Npp(zo)
Nop(x Ni,(x ... N,z
N — 0719.( 1) 1,19.( 1) np( 1) . (2.35)
_NO,p(wm) Nip(zm) .. Nn,p(xm)_
Collecting the control points into the vector
_on_
z
P=1| |, (2.36)
2 ]
the evaluation of the curve at all points U can be written as
[ C(ug)T ]
Cluy) "
W _nop (2.37)
[C(um) " |
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In this construction, the control points z; serve as decision variables in an optimization problem, while the
knot vector t and the degree p determine the smoothness and flexibility of the resulting curve. B-splines
guarantee continuity of derivatives up to order p — 1 at the knots, making them particularly well suited for
control applications where smooth input signals are required. Efficient evaluation of B-spline curves at varying
phase values can be performed using De Boor’s algorithm.

Py o o Control Points P o Control Points

—— B-spline Curve —— Akima Spline Curve
Level 0
Level 1
Level 2
Level 3
C(0.89)
Origin

LI I )

X O

(a) B-Spline interpolation of exemplary control points. (b) Akima spline interpolation of the same control points.

The levels indicate the recursive linear interpolations The piecewise cubic polynomials are determined us-
used in the Cox—De Boor algorithm, while the red ar- ing weighted slopes, ensuring local control and avoid-
rows show the linear combination of active control ing oscillations typical of high-order polynomials. No-
points in Equation (2.31) used to compute the collo- tice how each control point is part of the resulting
cation matrix entries. spline curve.

Figure 2.2.: Comparison of interpolation methods for exemplary control points.

Akima Splines

An alternative to B-splines, which rely on a global knot vector and recursive basis functions, are Akima
splines [2]. These provide a piecewise cubic interpolation scheme that emphasizes local control and robustness
to outliers in the data. The construction is based on a dataset of M knot—control point pairs (¢;, z;), where ¢;
denotes the knot positions and z; € R? the associated control points.

For each interval = € [t;, ¢;11], Akima splines define a cubic polynomial

ci(z) = di(z — t;)% + ci(x — t;)> + bi(z — t;) + ay, (2.38)
where the coefficients a;, b;, ¢;,d; € R are determined from the control points and their slopes.
First, piecewise slopes between consecutive knots are computed as

m, = 2+l T2 (2.39)

tig1 — i
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These are then used to define the local spline slopes s; by a weighted average of neighboring differences,

o miy —miimg g+ [m g — my o my

S; = (240)
|m, 1 —my| + |m_; —m,_o
The polynomial coefficients are then obtained as
a; = z;, (2.41)
3m; — 2s; —s;
¢; = oM 7 28i — Sigl (2.43)
liv1 — U
Si +Si+1 — 2my
d; = (2.44)
(tig1 —t;)?

To complete the definition, special handling is required at the endpoints. The boundary slopes are chosen as
S; =my, Sp = 3(my +my), (2.45)

Sp—1 = 5(Mp—1 +my_s), Sy =My . (2.46)

Compared to classical cubic splines, the Akima formulation avoids oscillations in regions with large slope
changes, as the interpolation depends primarily on local data rather than global conditions.

2.5. Domain Randomization

Because collecting real-world data and conducting extensive experiments on physical hardware are often
costly, time-consuming, or even unsafe, simulation-based training has become an essential component of
modern control and learning research. When deploying such algorithms on real-world systems for control,
perception, or decision-making tasks, a key challenge arises from the discrepancy between the simulated
environment and the physical world. This mismatch, often referred to as the sim-to-real gap, can lead to
degraded performance or even outright failure of policies trained exclusively in simulation. A widely adopted
technique to mitigate this issue is Domain Randomization (DR) [34], which deliberately introduces variability
in the simulation during training.

The idea is that by exposing the learning agent to a wide range of randomized environmental conditions and
system parameters, the resulting policy becomes more robust and generalizes better when transferred to the
real world. Instead of fixing the environment parameters, we consider a set of possible parameter tuples

§€E

where E denotes the set of all physically plausible parameter combinations of the system. Each & corresponds
to a specific instance of the simulated environment, characterized by quantities such as masses, friction
coefficients, sensor noise levels, initial states, or actuator delays. Training across multiple domains can then
be interpreted as optimizing a policy over a finite subset,

{€1,82 -}

with each &, is corresponding to one fixed simulation setting. During training, trajectories are rolled out for
each selected environment, and the policy is optimized jointly over the accumulated data. This procedure is
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easy to implement and often improves robustness, but it treats the chosen environments as isolated points.
There is no systematic notion of neighborhood or similarity between parameters, and thus no principled way
to incorporate additional information.

An similar idea, which we use in our SMPC setting instead rolls out the same trajectory over all domains
{¢,}2,, and then aggregates the information into one final performance measure. Formally, this requires us
to endow E with additional structure—for example, viewing it as a subset of R™ equipped with a notion of
distance (metric) or similarity (kernel), turning = into a parameter space.

The central challenge here is that defining this additional structure is not straightforward and a whole research
area in itself: The components of £ often represent heterogeneous physical quantities such as masses and
geometric lengths, each with distinct units and scales. Constructing a single metric / kernel that captures
distance / similarity across such mixed quantities is inherently difficult. Furthermore, the system dynamics may
depend on £ in a highly nonlinear fashion, so small parameter perturbations can induce large or discontinuous
changes in trajectories.

Once a metric or kernel is chosen, the expected cost under domain randomization can be written, based on
the cost definition in Equation (2.3), as

o vk (Xies M(E)) = Egunge) [JZ%HNW(X/@)} : (2.47)

where h (&) denotes a density over randomized parameters. In practice, this expectation must be approximated
from a finite number of samples &; ~ h(£), yielding an aggregated estimate

T(x%) = A(J* (%3 €1), -, T (%3 €0p)), (2.48)

where A(-) is an aggregation operator that defines how information from different domains is combined.
A variety of aggregation rules can be employed, depending on whether the goal is to emphasize average,
worst-case, or risk-sensitive performance.

2.5.1. Adaptive Domain Randomization

Building on this formulation, Adaptive Domain Randomization (ADR) [34, Sec. 5.2] methods update the
sampling distribution H dynamically based on discrepancies between simulated and real-world behavior.
The underlying idea is to progressively shift H toward regions of the parameter space that better explain
the observed real-world data, improving the sim-to-real alignment. This can be done based on reweighting,
resampling or a combination of both. The nature of the feedback signal used to update H depends on the
information accessible from the physical system. In general, this feedback defines a notion of similarity between
real and simulated outcomes. Let O, denote a set of real-world observations—such as state trajectories,
control inputs, or scalar performance values and O, (€) the corresponding simulated outcomes generated
under domain parameters £. We then define a similarity kernel

E(Oreal, Osim(&)) = exp (; dz(Oreala Osim(g))) )

where d(-, -) is a task-dependent distance or discrepancy measure. This kernel quantifies how well parameters &
reproduce the observed real-world behavior: larger values of k indicate higher consistency between simulation
and reality.

Different choices of d(-, -) yield different forms of feedback:
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» State-based feedback When full or partial state trajectories are available, the discrepancy can be
expressed as

2 (2.49)

e = 3 [ — g i)
t

where f(-) denotes the simulated dynamics model. The resulting kernel kgeare = €Xp(—dZ,1e/202) assigns
higher weight to parameters that produce dynamics close to those observed in the real system.

* Task-based feedback When only aggregated task-level performance (e.g., reward, tracking error) is
observable, the distance can be defined directly in the reward or cost space as

drask = ’Jreal - Jsim(E)

)

yielding a kernel kg = exp(—\ das¢) that emphasizes parameters leading to similar task outcomes.

Both cases can be unified through a general kernel-weighted update rule

H11(&) o< Hg (&) k(Oreat, Osim(§)) 5 (2.50)

which effectively re-weights the sampling distribution according to the similarity between real and simulated
outcomes. Note that the validity of this approach relies on the simulations ability to generate a separable signal
for different &. This reweighting can be used on its own or to resample new domain parameter combinations,
which can be interpreted as a Bayesian posterior when £ is viewed as a likelihood function, or as a gradient-free
optimization step that shifts mass in H toward regions of higher agreement.
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3. Related Work

The previous chapter introduced representative sampling-based MPC algorithms in form of IT-MPC /MPPI,
Predictive Samples (PS) and the Cross-Entropy Method (CEM) as baseline formulations derived from a common
stochastic optimal control perspective. These methods form the foundation for a large body of subsequent
research that extends, adapts, or hybridizes them to address practical challenges in robotics.

This chapter reviews these developments, emphasizing how prior work has built upon the baseline formulations
to improve sample efficiency, robustness, and applicability to complex robotic systems. We begin by outlining
advances within sampling-based MPC itself, followed by approaches leveraging full physics simulators for
parallelized rollouts, and conclude with works that integrate online domain randomization to improve
generalization.

Sampling Based Model Predictive Control

Sampling-based or zero-order optimization has a long history under various names such as Bayesian Opti-
mization [15] and Evolutionary Strategies [53]. These methods share the property of requiring no gradient
information and only minimal assumptions about the objective, making them broadly applicable. In robotics,
zero-order methods have been employed for tasks ranging from control and sensor design to morphological
optimization [12].

In recent years, the widespread adaptation of deep learning based methods in most engineering disciplines
has led to highly capable GPUs being widely available. With the potential for easy parallelization of sampling
based MPC we outlined in Section 2.3, this has led to the emergence of sampling based control as an active
field of research, particularly in robotics. Vlahov et al. [50] provide a generic C+ +/CUDA implementation of
several sampling-based MPC algorithms, enabling real-time planning with custom dynamics models. Similarly,
STORM [5] extends MPPI to robotic control by sampling trajectories in both joint and task space and evaluat-
ing them via handcrafted physics rollouts. Using experimental setups like these, a pletora of works explore
extensions of the basic MPPI/IT-MPC and CEM algorithms. For MPPI, [49] propose to generate temporally
correlated Gaussian noise by sampling in the frequency domain. Using a Fourier identity, they efficiently
produce colored noise trajectories through scaled inverse FFTs. The authors show that this can improves
sample quality, particularly in tasks like autonomous driving or flight, where decorrelated, high-frequency
noise can cause unstable behavior. Similarly, Pinneri et al. [41] use the same idea for the Cross-Entropy
Method (CEM), further combining the correlated noise with population decay and an elite-memory mechanism
for enhanced sample efficiency. Trevisan et al. [47] exploit the flexibility in choosing a cost function for the
derivation in Section 2.3. Their adapted derivations follow exactly the same arguments, but replaces the
Gaussian prior in Equation (2.18) with

S(Vy) = S(Vi) + Alog ( 5(&))). (3.1)
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yielding a new importance sampling procedure with update

Eg-[Vi] = Eq, [W(Vi)Vi], w(Vy) = Tllexp ( - %S(Vk> (3.2)

that allows for arbitrary sampling distributions. However, this introduces a bias towards this distribution,
whose interpretation and performance is highly task-dependent.
Wang et al. [51] uses a different measure of statistical similarity between prior and posterior in Equation (2.13)
via the Tsallis divergence, allowing for addiional parameter shaping of the likelikhood function compared to
Equation (2.18). The authors show that this can be advantageous to control risk sensitivity. As mentioned
in Section 2.3, the minimal assumptions on IT-MPC also limit the theoretical guarantees that can be made.
Theoretical work therefore tends to balance adding as few assumptions as possible that lead to stronger
guarantees. For example, Yi et al. [60] provide convergence guarantees for MPPI under certain cost-function
assumptions, deriving an optimal covariance update. However, in practice the computational cost requires
offline covariance estimation via a nominal controller. The analysis also assumes unconstrained state and action
spaces. Lambert et al. [25] reformulate MPC as a Bayesian inference problem over policy parameters, deriving
updates via Stein Variational Gradient Descent (SVGD), thereby allowing the use o