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1 Introduction

1.1 Background

Artificial Intelligence has been always attracting lots of interest in the public and re-
searchers, in particular since the invention of electronic computers. It is desired that a
computer program achieves what a biological entity can do: sense the world, analyze in-
formation in (possibly) various modality and then take (re-)action based on internal rules,
with the possibility to update its rules to increase the performance of some (pre-)defined
goals.

In the sense of algorithm realization, machine learning, in particular, reinforcement
learning targets directly learning this sense/planning/action behavior. With the current
advance in computation ability, deep learning based RL approach demonstrates that an
RL algorithm can surpass human-level performance, for example in Go [1].

However, it is known by researchers that RL algorithm is very sample inefficient [2] and
that it depends on reaction with physical processes or simulator to generate samples. This
feature makes requires one thing to gather a huge amount of data for training, and at each
iteration the sample gathered from the previous steps may not be relevant, depending
on the type of RL algorithm; for another, generating samples from physical processes
or simulator would cost a huge amount of time and money, which out-weights time for
training algorithm.

To overcome such a sampling problem, one particular idea is to provide a good starting
strategy and then learn to (re-)act with the process. For example, a basis policy is learned
from demonstration, on top of this basis policy, a reinforcement learning algorithm tries
to modify the action produced by basis policy to improve or generalize the demonstrated
policy. Such a basis policy learned from demonstration is what imitation learning focuses
on.
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1.2 Motivation

This work is motivated by the paper from Mordatch [3]. The paper demonstrates an ap-
plication of energy based model by composing a joint probability distribution from several
individual probability distributions. These probability distributions can be represented in
a uniform framework, which is a Boltzmann distribution conditioned by various concepts
embedded by a fixed length of code.

In one of the experiments in the paper, the author demonstrates that a random variable
could move its position to fulfill a spatial relationship between relevant objects, given
their positions and the encoding of a particular concept (for example “in-between”).

One particularly interesting aspect is that a trajectory could be generated by doing gradient
ascent w.r.t. input variables of an energy based model. After several iterations, the
variable configuration is shifted such that it acquires the least energy: achieving maximum
probability for a set of variable configurations.

It then comes to the question of whether a energy based model could be trained for
trajectory generation. Such a model could be used for example in robotic such that a
just-in-time trajectory planner could be implemented with low computation cost by doing
gradient ascent on that energy based model.

1.3 Contribution

In the master thesis, energy based model is applied for imitation learning. A model
architecture is proposed for learning a policy by behavior cloning method. The training
dynamic for an energy based model, as well as the application of SGLD sampler is reviewed,
discussed and tested. An algorithm for generating trajectory on a energy based model is
proposed. Some metrics for diagnosing probability distribution convergence, MCMC chain
convergence, are experimented with. The model is applied to four dataset to demonstrate
its ability to learn state-action mapping.

Structure of the thesis Chapter 2 introduces energy based model, sampling methods on
probability distributions as well as imitation learning. Chapter 3 introduces an energy
model for generating trajectory using stochastic gradient Langevin dynamics. Chapter 4
gives the experiment results and discussions. Lastly chapter 5 concludes the thesis.
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2 Foundations

2.1 Probabilistic inference

The term probabilistic inference [4] usually refers to inference on the probabilistic graphical
model. But the idea of querying on the model should be transferable to other types of
models. An energy based model supports querying the probability given the configuration
of input variable.

Another type of inference task is relevant to trajectory sampling: given some observed
variable, find out the most probable value of those unobserved variables. In terms of
trajectory sampling, the observed variable could be the state of the current system, and
the action is the variable to be queried.

The criterion for most probable could be reformulated as finding an optimal configuration
of input variables that maximize some kinds of criterion.

The following point estimator gives an optimal solution in terms of probability:

ML𝑎 = ML(𝑝, 𝑥) = arg max
𝑎

𝑝(𝑎|𝑥)

This estimator gives the most probable input configuration given current state.

Another type of point estimator considers also the a prior probability distribution:

MAP𝑎 = MAP(𝑝, 𝑥) = arg max
𝑎

𝑝(𝑎|𝑥)𝑝0(𝑎)

If the à prior probability distribution evolves over time, the action represented by an
energy based model distribution 𝑝𝜃(𝑥, 𝑎) could be modified without tuning the model
parameter. For example a Bayesian filter could be written in this form.
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Lastly, a point estimator could also consider the distribution of the probability. The
expectation estimator in section 3.3 shows an application of such point estimator.

EXP𝑎 = EXP(𝑝, 𝑥) = 𝔼𝑎{𝑝(𝑎|𝑥)}

The expectation could be computed by sampling on the distribution, an efficient method
is SGLD sampler, which is discussed in section 2.4

In terms of energy based model, ML𝑎 requires fewer computation resources than MAP𝑎
because the partition function doesn’t influence the estimation result and thus could be
skipped. For input variable that is usually high dimensional, this partition function is
computationally intractable. The expectation estimator minimizes a Bayes risk function
implicitly [5].

2.2 Energy based model

2.2.1 Compatibility

An energy based model [6] describes the degree of compatibility given a particular
configuration of a set of variables. The term “compatibility” means that an energy based
model itself is not constrained to modelling a probability distribution.

As an example, given an image and its duplicate with additive noise, the energy of such an
image pair could be defined as highly compatible because they represent the same object.
And an image pair that consists of a car, and a human, can be defined as not compatible
as they describe different classes of objects.

The “compatibility“ itself is not limited to one definition. Suppose in the previous scenario,
in which different objects are captured in the image pair. If we define the “compatibility”
to be that some spatial property, for example, we can define two objects are compatible
because both of them are standing on the earth, or both of them is in between objects
that belong to their same category.

To be more concrete: if in the first picture, a car is in between its leading car and following
car, and in the second picture, a human is sitting in front of and behind other people, then
an energy could be structured such that they fulfill the spatial property that these two
objects are compatible.
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Figure 2.1: Compatibility of an image and a label. The compatibility is not necessarily a
probability, for the purpose of classification, only the relative value makes a
difference. The picture is taken from [6].
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Speaking of “compatibility”, it may remind the reader of the compatibility in the sense
of electrical/mechanical/software interface. One may even think that compatibility is
not limited to object, but could be generalized to also include time-series information.
Actually, if a time-series could be embedded as a vector of real number (an object), then an
energy base model could express the compatibility of this object with some other objects.

2.2.2 Mathematical formulation

From the above discussion, it is obvious that energy based model is a very general frame-
work to describe the relationship between objects. Next, we introduce a formal description
of energy based model.

Mathematically, an energy based model has the following form, given two sets of variables
𝑋 ∈ ℝ𝑚 and 𝑌 ∈ ℝ𝑛:

𝐸 ∶ ℝ𝑚 × ℝ𝑛 → ℝ

Note that in the above formulation, the energy can be mapped to a negative number as
there’s no constraint of the image domain of such a function. This seems to be counterin-
tuitive because it contradicts common sense that negative energy does not exist in the
reality.

It could be justified as that the energy level is below the baseline energy level. Another
possible interpretation is that the model is predicting the logarithm of energy, not the
energy itself.

The latter interpretation is applied in the following chapter and in the implementation for
the following reasons:

• when interpreted in a probabilistic context, a logarithm number represents a larger
dynamical range than a decimal number.

• it guarantees the model produces a strict positive number, enforces less constraint
on model output, making it easier to produces a feasible solution

• it reduces the requirements for defining a feasible starting solution for the problem
to be solved, makes no special assumption on model architecture, etc.
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As stated in section 2.2.1, an energy based model models the degree of “compatibility”
given a variable configuration. When the energy is normalized, this compatibility could
be interpreted as a probability measure.

A probability distribution described by an energy based model has the following form.

𝑝𝜃(𝑥) = 1
𝑍𝜃

exp{− 1
𝑇

𝐸𝜃(𝑥)} (2.1)

Such type of distribution is first applied in the physic with the name “Maxwell-Boltzmann
distribution” to describe the particle state distribution.

The negative sign in the exponential term indicates that the more energy a state 𝑥 has, the
more unlikely such a state would appear. The variable 𝑇 is interpreted as temperature, but is
mostly set to one for the sake of simplicity in the field of machine learning research. Lastly,
the denominator 𝑍, also called partition function, ensures that the energy exponential
sums up to one. It is defined as follows:

𝑍𝜃 = ∫
𝑥′∈𝒳

exp{− 1
𝑇

𝐸𝜃(𝑥′)}dx′

One obstacle to apply energy based model as a tool for describing probability density is
to calculated the denominator. The reason is that it involves integration over all possible
state, which makes the computation intractable if the set of the possible state is high
dimensional. The phenomenon that the computation expense grows exponentially w.r.t.
dimension is well known as curse of dimensionality[7].

To compute the probability density, several methods are proposed, either exactly or
approximately. Such methods are discussed in the following section 2.1.

2.2.3 Architecture

Energy based model could be represented variously. In the equation 2.1, the energy based
model is parameterized by a vector 𝜃 ∈ ℝ𝑝, and is commonly be represented by a (deep)
neural network [8, 9] recently.

A neural network is a general purpose function approximator that is capable to approxi-
mate arbitrary complex functions given sufficient parameters. Depending on the type of
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activation function, the number of hidden layers as well as the number of nodes in each
layer, the capacity of a neural network varies [10].

Another type of architecture to represent an energy based model is the Boltzmann machine
[11, 12]. A Boltzmann machine represents the energy function by a linear combination
of input variables and their quadratic combinations. An extension of such type of model
includes Markov random field. In this master thesis, we are only interested in an energy
based model that is represented by a (deep) neural network.

2.3 Training

Training an energy model is known to be quite challenging. In this section, we would
provide an overview of the existing method for training energy based model.

2.3.1 Overview

Recently, [13] provides a tutorial for the current state-of-art methods for training an
energy model. It could be categorized into three categories:

• an objective function that optimizes maximum likelihood approximately.

• an auxiliary objective function that is based on necessarily condition, for example,
Stein’s identity.

• methods that involve external sampling networks, for example, adversarial training.

We would describe the related works in these categories in the following sub-sections.

[14] argues that every classifier could be treated as an energy based model, which provides
a way to workaround converting an energy based model from an existing classifier. In
appendix H, the author provides valuable review and experience on the recent approach
to handle the challenge of training energy based model with MCMC methods.

Energy based model is widely adopted in image denoising, image generation, etc. However,
applying it for regression is not until recently being researched. [15] evaluates different
training approaches for 1d regression task as well as object tracking. Our method of
training an energy based model could also be categorized into a regression task.
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[16] shares tips and failures for training energy based model in the appendix A.12. The
last tip comments on SGLD noise level matches the result of section 4.4 but each dataset
could have a different noise level and a fixed step length.

Instead of training the energy based model to approximate the data distribution, [17]
provides a new perspective to model the SGLD transition kernel is dependent on the
parameter of an energy based model. Instead of learning a static model, the author
proposes to learn a dynamical sampler.

2.3.2 Maximum likelihood estimation

As a starting point, training energy based model could be seen as a problem of parameter
estimation. The classical maximum likelihood method formulates the problem as follows:

𝜃 = arg min
𝜃

ℳℒℰℒ(𝜃) = arg min
𝜃

−Π𝑁
𝑖=0 log 𝑝𝜃(demo𝑥𝑖, demo𝑎𝑖)

where demo𝑥𝑖, demo𝑎𝑖 are samples from expert trajectories.

Apply the gradient operator on each data point, we got the following expression to evaluate
the gradient:

∇𝜃 log 𝑝𝜃(𝑥, 𝑎) = −∇𝜃𝐸𝜃(𝑥, 𝑎) − ∇𝜃 log 𝑍𝜃

While the first term involves a forward pass of the neural network on the data point, the
second term does not depend on data. However, it is the second term that makes the
computation intractable for high dimensional model.

By exploiting the definition of Boltzmann distribution, the gradient of partition function
could be expressed as the following

log 𝑍𝜃 = 𝔼𝑥̂,𝑎̂∼𝑝𝜃(⋅,⋅) {−∇𝜃𝐸𝜃( ̂𝑥, ̂𝑎)}

Most approaches that work on MLE tries to find an efficient sampling method, for example,
MCMC. Discussion about MCMC, in particular stochastic gradient Langevin dynamic is
discussed in section 2.4.
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Contrastive divergence & noise initialization An approach to estimate this expectation
is contrastive divergence by running a fixed step of MCMC that is initialized at the sampled
data. [13]

This approach is straightforward and easy to follow. But as discussed in section 3.3, it is
more desired to initialize the MCMC chain with as little à prior information as needed to
increase its validity region that the policy distribution could sample action from.

Such a method that initializes MCMC from noise is called noise initialization. In [18] the
authors propose the first ConvNet that could generate realistic images by training a model
using noise initialization.

The author gives another reason for using noise initialization: since the starting position
of a Markov chain is the stationary distribution, a trivial distribution such as 𝑝𝜃 = const.
could also produce sample distribution that is close to the data distribution if the MCMC
doesn’t transient at all.

By estimating the gradient using MCMC sampling, the objective function of contrastive
divergence could now be written as:

𝒜ℳℒℒ(𝜃) = 𝔼𝑥,𝑎∼demo𝒟 {𝐸𝜃(𝑥, 𝑎)} − 𝔼𝑥,𝑎∼𝑝𝜃(⋅,⋅) {𝐸𝜃(𝑥, 𝑎)}

Training convergence By using such objective function, the loss curve should be inter-
preted in a way that is different from MLE loss.

[18] states that the loss reaches 0, if the following conditions hold:

• the model distribution 𝑝𝜃 learns the data distribution demo𝒟

• MCMC converges to its stationary distribution before sampling starts

When the loss oscillates around 0, [18] thinks that the training process stabilized, however,
it could be a result that 𝑝𝜃 learns how to adjust its distribution to adapt to the sample,
such that the sampler could produce samples that are close to the data distribution.

It is stated that when 𝑝𝜃 converges to data distribution, then doing long run MCMC, the
sampled distribution should still close to the data distribution. This condition could be
used to check the convergence of 𝑝𝜃.
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Variational maximum likelihood [19] reexamines the logarithm of partition function,
then proposes that this quantity maximizes an optimization problem. An additional
sampler is required, and it is trained in a GAN-like scheme which may cause difficulty
in convergence. Thirdly, in the training objective, an entropy regularization is added
which could be hard to estimate. However, the author states that such a method contains
the advantages of MCMC method, score matching method as well as noise contrastive
estimation. The expense is to train an additional data sampler. To be concrete, it shows
faster and stabler convergence during training.

Diffusion recovery likelihood [20] presents an idea of learning a conditional distribution
that is depending on a perturbed dataset. Multi-level noise makes the dataset gradually
diffuses in a Gaussian shape distribution.

It is argued that learning a energy based model that approximates a lower variance noised
data distribution, conditioned by a higher variance data, could be easier to train.

It demonstrates the ability that an energy based model could generate sample from a
distribution with discontinuity, by progressively generating a sample, starting from a
distribution conditioned by a large noise variance, in which case the conditioned variable
approximates to Gaussian noise, and iteratively reducing the noise variance, in which case
is a distribution that approximates to the data distribution.

f-Divergence minimization [21] reviews the problem of learning distribution. In the
paper, both the I-projection and M-projection are discussed and demonstrated why one
particular projection is easier to compute than another. The author provides an in-depth
theoretical analysis about training convergence.

Improved contrastive divergence training Recently, [22] argues that the contrastive
divergence objective is missing a term that could improve training stability. They propose
that the KL divergence of finite step MCMC distribution to data distribution should also
be considered in the training objective.

It was found that this new loss term would incorporate self-attention and normalization.
Spectral normalization is needed for a stabler training dynamic if this loss term is absent.
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2.3.3 Auxiliary objective function

There’s another method that uses identity matching itself as an objective function, which
will only be satisfied when two distributions are identical, to train the energy based model.

Score matching The first order gradient of a distribution is call score function. This
method uses score function equivalence to train the energy based model. It minimizes the
Fisher divergence of two distributions. [23] It requires computing the trace of second-
order derivative, which is still computational heavy. But the advantage is that the partition
function or its higher-order derivatives are not involved in training.

[9] provides experiments of training a deep energy based model with score matching
objective. The author reinterprets this kind of method as a one-step denoising procedure.

Denoising score mathing [24] is another approach to evaluate the equivalence. It does
not require one to compute second order derivative. It evaluates the Fisher divergence by
using a noise perturbed dataset.

[25] provides an idea to use multi-level noise to learn a series of energy based models that
is considering the noise level as an additional input variable. A similar idea of perturbing
the dataset could be seen in diffusion recovery likelihood.

Slicde score matching [26] recently propose to evaluate the Fisher divergence approxi-
mately by evaluating the equivalence of score function with randomly selected vectors.
It is more computationally efficient, in the sense that the complexity for evaluating the
projected trace of second-order derivative could be simplified to 𝒪(𝑛2), where 𝑛 is the
dimension of input variable. [13]

Stein’s discrepancy [27] proposed Stein’s identity that evaluates an unnormalized
distribution on a dataset. The distribution function inside the expectation is replaced with
the distribution of the energy based model. This identity is evaluated in a set of function
and is expected that the identity holds when energy base model approximates the data
distribution. [28]

[28] proposes to describe the set of functions with a parameterized neural network. It
gives a discussion on what kinds of functional space such a network should represent.
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The advantage of using Stein’s discrepancy is it does not require sampling on the energy
based model. This method has relation to GAN-like model and could suffer from training
instability.

[29] uses a special type of kernel functions to describe the functional space, such that the
trace term in the Stein’s discrepancy becomes a constant.

[30] uses stein’s variational gradient descent method to guide the update of a generator,
which generates samples from energy based model. The energy based model itself is
trained with the contrastive divergence objective.

2.3.4 Noise contrastive estimation

Noise contrastive estimation [31] minimizes the KL divergence between two conditional
distributions. The distribution of energy based model, as well as data distribution, is
conditioned by a noise distribution, possibly a Gaussian distribution.

The advantage of learning the noised version of conditional distribution could be that it
learns the normalizing constant of the energy based model as a by-product. [13]

Classifiers could be seen as an energy based model as state by [14]. In their experiment it
was shown that the classifiers are more robust to adversarial input, when the model is
trained using a perturbed dataset. It could be further investigated to see what result to be
expected if using a perturbed dataset to train the noise contrastive estimation.

2.4 Stochastic gradient Langevin dynamic

Popular MCMC methods have high computational complexity when applied to high
dimensional distributions. Recently [32] applies stochastic gradient Langevin dynamic
sampling method to probability distribution represented by machine learning models.

Applying SGLD on energy based model avoids calculating the partition function, making
inference on high dimensional less computational demanding. It thus makes energy based
model applied to many applications: for example synthesizing a molecular structure [33].

Sampling a trajectory on an energy basedmodel could be express by the following equation:
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𝑎𝑙+1 ← 𝑎𝑙 − 𝛼2

2
∇𝑎𝐸𝜃(𝑥, 𝑎𝑙) + 𝛼𝜖, 𝜖 ∼ 𝒩(0, I)

Two parameters could be tuned for such a sampling operator:

• SGLD𝐾 gives the step length of a MCMC chain, for a sufficiently large 𝐾 the MCMC
chain converges to its stationary distribution, the distribution of the energy based
model. [34]

• SGLD𝛼 defines the noise level of a MCMC chain. It turns a stochastic gradient method
into a MCMC chain, the higher is 𝛼, the more randomness it gives to this MCMC
chain. Correct implementation requires that 𝛼 be annealing, but in practice, it was
found out that a constant noise level could generate samples that are close to the
dataset. [16, 35, 36]

Noise level Giving an incorrect noise level would get a sampled distribution that does not
match the distribution of the model. [35] gives a theoretical analysis of SGLD algorithm,
and it proposes that the noise level could be chosen as

SGLD𝛼 ← 𝜂
𝑁

, 𝜂 ∈ (0, 1
2𝐿̃

]

by assuming that the energy function 𝐸𝜃 is 𝐿̃-gradient Lipschitz.

Chapter 4 discusses the assumptions made in modeling the policy distribution. The choice
for noise level should be oriented by the range of feasible action instead. But it could be
enforced as a constraint in the objective function, such that the sampler could faithfully
generate samples from the energy based model.

Average MCMC chain length It is not easy to find out whether a MCMC chain converges
to its stationary distribution, nor is it easy to find out whether an energy based model
converges to its target distribution. [18] proposes an indicator for judging which phase a
training process is currently in.

The average MCMC chain length could be defined as the following:
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𝑅 ∶= SGLD𝐾−1
SGLD𝐾
∑
𝑙=0

𝑣𝑙 = SGLD𝐾−1
SGLD𝐾
∑
𝑙=0

∥𝑎𝑙+1 − 𝑎𝑙∥

Figure 2.2 shows the curve of a converging and non-converging MCMC chain. It is evident
that there is a rising phase for a converging MCMC chain.

It is expected that 𝑅 has the following properties, which is useful for diagnosing training
dynamic. Chapter 4 gives an application on tuning model architecture, noise level with
this metric.

• when MCMC chain starts at normal distribution, during training process, it is
expected that 𝑅 increases until it converges to a value 𝐿.

• if the distribution of energy based model converges to the data distribution, then
by increasing SGLD𝐾 → SGLD𝐾 + 𝑆, it is expected that 𝐿 ≈ 𝐿 + 𝑆𝑓(SGLD), where
𝑓(𝜎) is a function that calculates the average length of a MCMC chain on Gaussian
distribution with variance 𝜎2.

Mixing rate & burn in Before MCMC chain converges to its stationary distribution, there’s
a transient phase, in which the sample distribution is not reflecting the true distribution.
Those samples should be ignored when doing MCMC sampling. This process of waiting
for convergence is sometimes referred to as the burn-in phase in the literature. [16, 18]

The mixing rate gives an indicator of how many MCMC iterations are required for a MCMC
chain to converge to its stationary distribution. It depends on which type of sampler
is used, in which distribution the MCMC chain starts from, and the complexity of the
stationary distribution.

In contrastive divergence the MCMC chain starts at the data distribution, which would
make the exploration more difficult because it requires that the model generate a large
enough gradient such that the area around the mode could be explored, otherwise the
learned distribution could be flat or a constant, given a very small noise level and short-run
MCMC. This phenomenon is discussed in chapter 4.

It would also make the curve of figure 2.2 a bit different from the MCMC chain that starts
from a normal distribution. But the difference is not investigated in this master thesis.
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Figure 2.2: Average MCMC chain length 𝑅 curve of converging and non-converging
MCMC chain
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Persistence contrastive divergence starts MCMC chain from the previous training step.
It is hoped that the distribution of the model doesn’t change much. And PCD starts like
random initialization. It helps to accelerate the MCMC chain convergence [18].

Replay buffer In reinforcement learning, a replay buffer keeps the state, action from
the previous steps for training the model. A replay buffer could also be applied in MCMC
chain [16] such that the persistence contrastive divergence could have more chance to
switch between different modes of the distribution. For example with a probability 𝜀,
an MCMC chain in the replay buffer is resetting to its staring distribution, the normal
distribution.

2.5 Imitation Learning

A general setting for imitation is that the expert produces demonstrated trajectories
{demo𝜏𝑖}𝑁

𝑖=1 and no other information about the reward function, etc. This setting is
adopted in this master thesis.

There are two categories for imitation learning, behavior cloning, and inverse optimal
control. [37] provides a thorough review of existing methods. Each type of algorithm is
briefly mentioned here.

Behaviour cloning It’s behaviour cloning goal to learn a policy given that a trajectory
consists of a sequence of state-action pair {demo(𝑥𝑗

𝑖 , 𝑎𝑗
𝑖)}

𝑇𝑖
𝑗=1

𝑁
𝑖=1. Compared to the inverse

optimal control method, behavior cloning method treats the problem as doing nonlinear
regression in action-state space.

Inverse optimal control In inverse optimal control (inverse reinforcement learning),
a reward function would be recovered from demonstrated trajectories. The problem is
known as an ill-posed problem. Various types of regularization techniques are proposed
to impose the solution uniqueness, for example, maximum margin by [38] and maximum
entropy [39].
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3 Imitation learning with energy based model

In this chapter, a model for imitation learning using energy based model is proposed.
First, the problem of imitation learning is described. It raises three questions that would
be answered by the following sections: model design for representing a probability
distribution; sampling method for trajectory; lastly the method for training the model.

3.1 Problem statement

We are interested in designing an energy based model to learn a state-action mapping
demonstrated by an expert, in the form of a set of trajectories {demo𝜏 𝑖}𝑁

𝑖=1.

A trajectories demo𝜏 𝑖 consists of a series of states: demo𝜏 𝑖 = ((𝑥𝑖
0, 𝑎𝑖

0), (𝑥𝑖
1, 𝑎𝑖

1), … , (𝑥𝑖
𝑛𝑖

, 𝑎𝑖
𝑛𝑖

)).

1. each trajectory does not have necessarily the same length: 𝑛𝑖 ≢ const.

2. the distance between adjacent states is not necessarily equidistant: ‖𝑥𝑖
𝑗 − 𝑥𝑖

𝑗+1‖ ≢
const.

3. each trajectory is normalized to the same scale: |length(demo𝜏 𝑖)−mean(length(demo𝜏 𝑖))| <
𝛿, where length(demo𝜏 𝑖) ∶= ∑𝑗 ‖𝑥𝑖

𝑗 − 𝑥𝑖
𝑗+1‖

4. all trajectories starts at coordinate orgin 𝑥𝑖
0 = (0, 0), 𝑖 = 1, … , 𝑁

This means the trajectories in figure 3.1 are valid trajectories in a demo set.

It is desired that an energy based model learns a policy 𝜋 ∶ 𝑥 ↦ 𝑎 from demonstrated
trajectories, such that when a trajectory is sampled using this policy starting at origin
(0, 0), the sampled trajectory looks similar to the demonstrated trajectory. The procedure
for sampling trajectory is described in algorithm 1.
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Figure 3.1: Possible demo trajectories

This algorithm serves as a framework for the following discussions. The problems to be
focused on includes:

1. how to use energy based model to express a policy?

2. how to sample an action given the current state?

3. how to learn the distribution from demonstrated trajectories?

Data: Policy expressed by an energy based model 𝜋(𝑎|𝑥), system dynamic
𝒯(𝑥𝑗+1|𝑥𝑗, 𝑎𝑗)

Input: Trajectory length 𝑡
Output: Sampled trajectory 𝜏
𝜏0 ← 0;
for 𝑗 ← 0 to 𝑡 − 1 do

𝑎𝑗 ∼ 𝜋(⋅|𝑥𝑗);
𝑥𝑗+1 ← 𝒯(𝑥𝑗, 𝑎𝑗);
𝜏𝑗+1 ← 𝑥𝑗+1;

end
Algorithm 1: Meta algorithm for sampling a trajectory given policy 𝜋(𝑎|𝑥)

3.1.1 Energy based model for behavior cloning

The energy based model in this master thesis is used for behavior cloning.

When ML estimation is applied to sample a trajectory on the energy based model, then
such a method is a greedy algorithm because it looks for the best solution given the current
state. In section 3.3, it would be demonstrated that such a method produces a trajectory
that deviates from the demonstrated trajectory in the long run. The same problem is
discussed in [40], which states that given enough dataset and small horizon, a series
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of policies could be trained such that the accumulated error in during the sequential
decision could be corrected by these policies. The action keeps the state that is close to
the demonstrated trajectories.

The reason the trajectory is not most probably could be that the algorithm is short-sighted:
it doesn’t consider the accumulated joint probability of a trajectory.

For a trajectory 𝜏 that is consisted of a series of random variables (𝑥0, 𝑎0), (𝑥1, 𝑎1), … , (𝑥𝑡, 𝑎𝑡),
the joint probability is

𝑝(demo𝜏) = 𝑝(𝑥0)
𝑇

∏
𝑗=1

𝒯(𝑥𝑗 ∣ 𝑥𝑗−1, 𝑎𝑗−1)demo𝜋(𝑎𝑗−1 ∣ 𝑥𝑗−1)

We now apply the ML estimator to sample a trajectory with the same starting position 𝑥0:

𝑝(ML𝜏) = 𝑝(𝑥0)
𝑇

∏
𝑗=1

𝒯(𝑥𝑗 ∣ 𝑥𝑗−1, ML𝑎𝑗−1)ML(𝐸𝜃, 𝑥𝑗−1) (3.1)

• equation 3.1 shows that ML estimator represents a deterministic policy

• a stochastic policy could be implemented by applying SGLD on the energy based
model for querying an action

3.2 Modelling policy

A policy is a function that maps a state to action. In the control engineering domain, a
policy is also called a controller that outputs a control signal given the current state of a
system. Such a control signal is deterministic.

But we would like to model a policy to be stochastic, for the reason that an energy
based model expresses a probability distribution that per se contains stochastic property.
Additionally, a stochastic policy is more general and also frequently discussed in the
reinforcement learning algorithm. By learning a stochastic policy, it would be beneficial to
see such a policy could be assigned as an initialization policy for a reinforcement learning
algorithm.

We reformulate formulate the input variable 𝑥 in formula 2.1 to (𝑥, 𝑎), and model the
function as a conditional probability distribution:

20



𝜋𝜃(𝑎|𝑥) ∶= 𝑝𝜃(𝑎|𝑥) = 1
𝑍𝜃

exp{− 1
𝑇

𝐸𝜃(𝑥, 𝑎)} (3.2)

It makes no difference whether we use the energy function to model a joint distribution
𝑝𝜃(𝑥, 𝑎) or a conditional distribution 𝑝𝜃(𝑎|𝑥) for the sake of sampling an action, which
would be discussed in more detail in 3.3.

From the assumptions on trajectories in section 3.1, and the sampling algorithm 1 we
can expect that action is finite and has its mode within the region defined the maximum
length of adjacent states, a.k.a. step size.

𝐵𝜀(0) ∶= {𝑎 ∶ ‖𝑎 − 0‖ < 𝜀} (3.3)

From the viewpoint of geometry, the set of action defined above is a sphere in high
dimensional space. Its radius is defined as:

𝜀 ∶= 2 max
𝑖,𝑗

‖𝑥𝑖
𝑗 − 𝑥𝑖

𝑗+1‖

It is double the size of the maximum step size in the dataset. The scale factor 2 in defining
the radius from step size has no particular reason but could be further discussed to make
a reasonable statement.

The range of most possible actions could help design model architecture and tune the
model by inspecting training diagnostic information (diagram, loss curve, gradient norm,
etc.).

Additional assumption on demonstrated trajectories In the following discussion, we
impose an additional constraint on the trajectory, in the hope that the distribution of the
policy function is uni-modal:

The shape of the demonstrated trajectories looks similar

This statement is ambiguous but could be assumed as long as the trajectories are generated
by a human expert that repeats its demonstration multiple times.
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Modelling action implicitly In the formula 3.2, the action modelled as an input vector of
a probability distribution. It raises the question of whether there exists another way for
generating the action, for example, use the gradient information?

𝑎 = ∇𝑥𝐸𝜃(𝑥) (3.4)

In the case above, the probability distribution the energy based model represents becomes
harder to interpret. One cannot say that one state is more likely to be visited than another
by comparing its energy level. This thesis argues that because in the reality, the feasible
region constrains where a state could be reached.

On the other hand, formula 3.4 has the same form as a control lyapunov function which
describes a control law that stabilize some specific function.

Borrowing the idea from control theory, we think that this represents a vector field, in
which the expert trajectories could be generated by applying formula 3.4 as the control
law. The energy function here could be interpreted as a value function in reinforcement
learning.

In conclusion, modelling action with energy function implicitly using formula 3.4 poses
an inverse optimal control problem. We think that there exists a number of literature
on using energy based model to solve inverse optimal control or inverse reinforcement
learning that are more involved than representing the action as the gradient of the energy
function. Thus we won’t further discuss the method of implicitly modeling the action.

3.2.1 Model architecture

Next we’re going to describe the architecture of the energy based model. First to simplify
the notation, we denote −𝑇 −1𝐸𝜃(𝑥, 𝑎) as 𝑓𝜃(𝑥, 𝑎) such that the probability distribution
could be expressed as the following equation:

𝑝𝜃(𝑥, 𝑎) = 1
𝑍𝜃

exp{𝑓𝜃(𝑥, 𝑎)}

The model consists of two networks. The FE network extract features from 𝑥 and 𝑎
to extend its dimension. The FCN network evaluates the energy given a set of feature
configurations from the previous network output.
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Figure 3.2: Model architecture of the energy based model. The red filled blocks are
wrapped with spectral normalization. Both FE𝑥, FE𝑎 and FCN are fully con-
nected network. The activation function in FE𝑥 network is LeakyReLU. The
activation function in FE𝑎 network is ELU. The activation function in FCN
network is ReLU. The output layer has no bias term.

The FE network contains a dedicated extractor for each input vector because the input
range for 𝑥 and 𝑎 could be very different: while 𝑎 mostly lies in the region defined by
equation 3.3, the range of 𝑥 is unspecified. It is thus reasonable to first transform each of
the inputs separately into a higher dimensional embedded space.

We denote each of the network to be FE𝑎 ∶ 𝒜 → ℝzdim and FE𝑥 ∶ 𝒳 → ℝzdim.

The FCN network could be a 4 layer fully connected network that consists of an input
layer, two hidden layers, and an output layer. The output layer predicts the logarithm
of negative energy to simplify the notation of the energy based model expression. This
network could be denoted as FCN ∶ ℝ2zdim → ℝ. The dimension of the hidden layer is
parameterized by a variable hdim.

The policy could be expressed by the following expression:

𝑓𝜃(𝑥, 𝑎) = FCN(FE𝑥(𝑥), FE𝑎(𝑎))

Spectral normalization It is mentioned in [16] that spectral normalization helps improve
training stability when contrastive divergence objective is used. During the experiment, it
is found that applying such a normalization makes it difficult to train the energy based
model, which could be observed by comparing the sampled action distribution between
the network with/without applying spectral normalization at the same epoch. We consider
applying it only at the first and third layer of FCN network.
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FCN[0] ← SPECTRAL_NORMALIZATION(FCN[0])
FCN[2] ← SPECTRAL_NORMALIZATION(FCN[2])

SPECTRAL_NORMALIZATION is implemented by pytorch using power iteration to
calculate spectral norm.

Residual layer Residual layer structure is applied in two hidden layers of FCN network,
as did in [15].

out[𝑖] ← FCN[𝑖](out[𝑖 − 1]) + out[𝑖 − 1], 𝑖 ∈ {1, 2}

The advantage for residual layer could be that the gradient pass through those hidden
layers, thus reduces the effect of vanishing gradient. This could also be applied here for a
shallow network.

According to the discussion on training dynamic of contrastive divergence objective in
section 4.3.2, the loss level should be somehow balanced when converged, oscillating
around zero. It causes a problem for updating the parameter of each network layer when
the loss is small.

Although a lot of sample is generated from the model, because the majority of negative data
points overlap to positive data points, the distribution divergence between the model and
the data needs far more iteration than needed to accumulate enough gradient magnitude
to update the parameter of the layer to adjust the shape of its distribution where few or
even no data is sampled there.

3.3 Sampling action

Doing probabilistic inference on energy based model is required to find a suitable action
given the current state.

By assumption, we know that the conditional distribution 𝑝𝜃(⋅|𝑥) is a uni-modal distribution
with its peak lies in the set 𝐵𝜀(0). We want to find the most probable action 𝑎𝑡 that an
expert would take given the current state 𝑥𝑡.
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Figure 3.3: Action point estimation Figure 3.4: Action expectation estima-
tion

Point estimation trajectory sampler That we compute a point estimation w.r.t. an input
variable, and exp(⋅) is a monotonically increasing function, we can neglect the partition
function 𝑍𝜃 and exp(⋅) during the inference.

We got the first operator to acquire an action from energy based model:

𝑎𝑡 = arg max
𝑎

𝑝𝜃(𝑎|𝑥𝑡) = arg max
𝑎

1
𝑍𝜃

exp{𝑓𝜃(𝑥𝑡, 𝑎)} = arg max
𝑎

𝑓𝜃(𝑥𝑡, 𝑎)

Note if we use the energy based model to represent a joint distribution, the inference
equation remains the same. This justified that learning the joint distribution achieves the
same result as learning the conditioned distribution.

By taking the most probable action, we could sample a trajectory that starts at the origin
(0, 0). During the experiment, it is found out that the trajectories sampled by algorithm 1
quickly diverge from the expert trajectory, as seen in 3.3. Discussion on such phenomenon
could be seen in chapter 4.

Expectation estimation trajectory sampler To improve the quality of the sampled tra-
jectory, we consider computing the expected action using SGLD instead of using the point
estimation directly, the resulting trajectory could be seen in figure 3.4.

𝑎𝑡 = 𝔼𝑎∼𝑝𝜃(⋅|𝑥𝑡){𝑎}
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The modified algorithm for sampling trajectory is described in algorithm 2.

Data: Policy expressed by an energy based model 𝜋(𝑎|𝑥), system dynamic
𝒯(𝑥𝑗+1|𝑥𝑗, 𝑎𝑗)

Input: Trajectory length 𝑡, estimate population 𝑝, SGLD step 𝐾, SGLD noise level 𝛼
Output: Sampled trajectory 𝜏
𝜏0 ← 0;
/* initialize candidate state */

̂𝑥𝑙
0 ← 𝜀𝑙, 𝜀 ∼ 𝒩(0, 𝛼I), 𝑙 = 1, … , 𝑝;

for 𝑗 ← 0 to 𝑡 − 1 do
/* initialize MCMC chain with random noise */
𝑎𝑙

𝑗 ∼ 𝒩(0, 𝛼I), 𝑙 = 1, … , 𝑝;
/* perform SGLD steps */
for 𝑘 ← 1 to 𝐾 do

𝑎𝑙
𝑗 ← SGLD(𝜋, ̂𝑥𝑙

𝑗, 𝑎𝑙
𝑗);

end
/* estimate expected action */
𝑎𝑗 ← 𝑝−1 ∑𝑝

𝑙=1 𝑎𝑙
𝑗;

/* sample state at next time step */
𝑥𝑗+1 ← 𝒯(𝑥𝑗, 𝑎𝑗);
𝜏𝑗+1 ← 𝑥𝑗+1;
/* update state population */

̂𝑥𝑙
𝑗+1 ← 𝒯(𝑥𝑗, 𝑎𝑗) + 𝜀𝑙, 𝜀 ∼ 𝒩(0, 𝛼I), 𝑙 = 1, … , 𝑝;

end
Algorithm 2: Sampling a trajectory using expectation estimation

Qualitatively it shows that the trajectory tends to converge to the expert trajectory when
the state is not far from the demonstrated trajectories. A more detailed analysis of this
sampler applied on different demonstrated trajectories are discussed in section 2.1.

Trajectory sampler for multi-modal distribution The method of expectation estimation
could only applies to the dataset where trajectories holds the assumption given in sec-
tion 3.1 and paragraph 3.2. If the uni-modal distribution on the action is violated, it’s
reasonable to conclude that the expected estimation won’t give an action that matches
the demonstrated policy. A sampling operator that supports sampling on a multi-modal
distribution could be reserve for further investigation.
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Such a trajectory sampling operator should fulfill certain properties. For example:

• it could determine on which mode it is currently in, based on the states from the
previous time steps.

• it could be parameterized such that it chooses the mode based on various criterions,
such as

– most applied actions in the expert demonstrations

– action that considers external reward function, e.g. take the action that mini-
mizes risk / increases information gain when the entropy of the action distribu-
tion is above some threshold

3.4 Learning policy

In this section, the objective function for energy based model will be derivated. We start
by minimizing the KL divergence between the expert policy and policy of energy based
model.

ℒ(𝜃) = KL(𝜋demo‖𝜋𝜃)
= 𝔼𝜋demo{log 𝜋demo(𝑎|𝑥)} − 𝔼𝜋demo{log 𝜋𝜃(𝑎|𝑥)}

Apply gradient operator ∇𝜃

∇𝜃ℒ(𝜃) = −𝔼𝜋demo{∇𝜃 log 𝜋𝜃(𝑎|𝑥)}

≈ − 1
𝑁

𝑁
∑
𝑖=1

∑
𝑥,𝑎∈demo𝜏𝑖

∇𝜃 log 𝜋𝜃(𝑎|𝑥)

= − 1
𝑁

𝑁
∑
𝑖=1

∑
𝑥,𝑎∈demo𝜏𝑖

∇𝜃𝑓𝜃(𝑥, 𝑎) − ∇𝜃 log 𝑍𝜃

= − 1
𝑁

𝑁
∑
𝑖=1

∑
𝑥,𝑎∈demo𝜏𝑖

∇𝜃𝑓𝜃(𝑥, 𝑎) − ∇𝜃𝔼𝜋𝜃
{𝑓𝜃(𝑥, 𝑎)}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

∇𝜃ℒ(𝜃;𝑥,𝑎)
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We could rewrite the last equation by evaluating gradient on each data point in the dataset

∇𝜃ℒ(𝜃; 𝑥, 𝑎) ≈ ∇𝜃𝑓𝜃(𝑥, 𝑎)⏟⏟⏟⏟⏟
positive gradient

− 1
𝑀

∑
𝑥̂,𝑎̂∈SGLD(𝜋𝜃)

𝑓𝜃( ̂𝑥, ̂𝑎)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

negative gradient

(3.5)

The loss in equation 3.5 decreases the energy level on negative data point, while increasing
the energy level on positive level. [18]

Sampling method Estimating the parameter 𝜃 by minimizing this loss function is equiv-
alent to approximately maximizing the likelihood function.

The difficulty lies in sampling data points on the energy based model efficiently. Section
2.4 discusses techniques for efficient sampling. One particularly popular method in recent
years is MCMC with Langevin dynamics because it could be applied to sample a high
dimensional probability distribution. When the MCMC chain initializes at data points,
then such a method is called contrastive divergence in the literature. [6]

MCMC initialization Because the equation 3.5 adjust energy level based on sampled
location, it is desired to sample actions in regions where expert demonstration locates.

For sampling trajectory, it is desired to start the MCMC chain at the origin to minimize
the requirements for à prior information when applying the imitated policy in regions
where no expert demonstration exists.

If the assumption holds that the mode of the action is very likely to locate in the set
𝐵𝜀(0), then MCMC should generate a chain inside this region. In summary, we could
safely generate initial actions that are within the set 𝐵𝜀(0), for example, sampling from a
Gaussian distribution.

0𝑎𝑖
𝑗 ∼ 𝒩(0, 𝛼2

‖demo𝑎‖2 I)
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L1 and L2 regularization The output of the energy based model is not constraint by the
objective function. On the other hand, the sampling method depends only on the energy
level in the local neighborhood. It means that an energy model can be offset by a constant
but still fulfills the optimal condition.

To ensure the numerical stability, as well as to reduce the local optimal solution, the bias
parameter in the last layer of FCN is removed, and secondly, an L1 and L2 regularization
is enforced on the energy level to keep the network prediction with the range that a
float32 could represent.

It is observed from the gradient norm that the bias parameter of FCN[3] is within the
range of 1 × 10−4, which could be neglected compared to the gradient norm in other
layers, for instance as high as 1 × 103.
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4 Experiment

4.1 Environment setup

The model architecture is described in figure 3.2. It is evaluated on four datasets, which
could be seen in section 4.4. A list of description on hyperparmeter is given in table 4.1.

hypterpamater description
lr learning rate of Adam optimzer

z_dim embedding space dimension
h_dim dimension of hidden layer in FCN network
reg_l1 L1 regularization weight factor
reg_l2 L2 regularization weight factor
sgld_K SGLD step length
sgld_al SGLD noise level
sgld_dim SGLD negative sample total number

dataset_sigma variance of additive noise added to SVG datasets

Table 4.1: Hyperparmater description

The model is implemented using pytorch 1.8.0, and pytorch-lightning 1.2.3. The
model is trained on Nvidia RTX 2080.

4.2 Model architecture tuning

Several experiments are conducted on circle dataset, to test if the spectral normalization
makes a difference on training stability, as mentioned in [16]. It was found that applying
this normalization on all layers of the FCN and FEx network would cause the gradient
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Figure 4.1: Sampled trajectory on
mouse1 dataset at
500 epoch, hdim = 16,
zdim = 128

Figure 4.2: Sampled trajectory on
mouse1 dataset at 500
epoch, hdim = 8, zdim = 64

norm in each layer as small as 1 × 10−4. The loss is thus kept in a small magnitude, making
the training stagnate. The average MCMC chain length is within the range of the noise
level throughout each epoch, supporting this argument.

The tanh activation keeps the magnitude of the loss function within a range of ±1 × 103

when it was applied after the first layer of a three layer fully connected neural network
when other layers apply ReLU as the activation function.

Training a three layer network on path1 and circle requires up to 3 × 103 iteration,
and the sampled trajectories still diverges from the expert demonstration. In comparison,
the model in figure 3.2 produces trajectories on circle dataset after three epoch. It
could be argued that embedding the state and action into a higher dimensional space is
necessary.

The dimension of embedding space zdim and the dimension of the hidden layer hdim
plays a role in convergence rate. Figure 4.2 and 4.1 shows the intermediate sampling
result at 500 epoch. Clearly that the model with a higher dimension produces already
trajectories that are similar to the expert demonstration from the point of view of a human.
On the other hand, the model with half of the number of dimensions doesn’t produce a
comparable result when its epoch reaches 1000.
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Figure 4.3: MCMC chain initialization
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Figure 4.4: SGLD 100 step iteration

4.3 Training diagnostic

Energy based model is known to be hard to train. In this master thesis, we investigate
some clues in the hope that these indicators serve as guidance for tuning the algorithm
parameter in the early stage to avoid wasting time only to figure out that the model won’t
converge.

4.3.1 Tuning SGLD noise level

Tuning parameter is a challenge to deal with when applying SGLD sampler. Without a
suitable value of noise level, it is not possible to acquire realistic sample data points.

When the noise level is too high, the gradient magnitude is overcome by the diffuse
magnitude. The Markov chain tends to escape from its mode even it is initialized at
the location of demonstrated actions and is unlikely stepped back given finite time and
memory. The model could not get enough sample around the mode, but instead, the data
distribution reflects more randomness, thus getting a biased density estimation.

The above mentioned problem could be found out by doing a sanity check. Figure 4.3
and figure 4.4 shows the SGLD iteration process.

In figure 4.3, path indicates the state in an expert trajectory. sgld_init shows the
action of the expert policy takes. And sgld_k indicates that the action distribution
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before running 100 steps of SGLD, when the MCMC chain is initialized using a Gaussian
distribution.

When that the initial actions sampled from this Gaussian distribution satisfies the following
criterion, meaning that the actions are not far away from current state 𝑥𝑖

𝑗, where SGLD𝛼
is the SGLD noise level:

0𝑎𝑖
𝑗 ∈ 𝐵𝑟(𝑥𝑖

𝑗), 𝑟 ∶= 10SGLD𝛼 (4.1)

After 100 steps of SGLD, the action population diffuses. The end result is shown in figure
4.4. It could be seen that sgld_k shifts towards the target distribution sgld_init.
While some point cluster in the upper side of the diagram overlaps, the point clusters in
the button seem to be not yet fully shifts to its target distribution.

It could be seen from 4.3 that the noise level satisfies equation 4.1. And secondly, for
the point clusters in the upper side of the image, which could be assumed that the SGLD
mixed to its target distribution, the following assumption is also satisfied:

100𝑎𝑖
𝑗 ∈ 𝐵𝜀(𝑥𝑖

𝑗)

When the means of the model and target distribution are close, the variance of sampled
actions is expected to be small. If this statement is not observed for a sufficient enough
number of epochs, then we could conclude that the noise level is too high.

4.3.2 Training dynamic

In all models that converge to the target distribution, the loss curves are similar to the
shape of figure 4.5. Its worth to be analyzed to diagnose whether would converge or not.

Such loss curve decreases monotonically for the first half number of epochs but starts at
zero loss. It starts at zero loss because the parameters of network layers are initialized in
such a way that given random input, it gives outputs that are at the same energy level.

The maximum likelihood loss decreases the energy level at sampled data point, increases
energy level at expert data point, After some iteration, the negative energy stop increasing.

This could be explained by inspecting the gradient norm of each layer. As the magnitude
of the loss increases, so are the gradient norms. It means that it takes now less iteration
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Figure 4.5: Maximum likelihood loss curve. A typical curve that increases its magnitude
such that the network parameters get updated proportionally large, requiring
less epoch to accumulate enough gradient to correct the distribution land-
scape represented by the energy based model. As the model gets close to
converge, it requires more epoch again to accumulate gradient.
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to correct the energy level at each negative sample location. As soon as it reaches some
threshold, the random process of diffusion would be dominated by the gradient direction
at the region between the starting location of the MCMC chain and the location of the
mode.

4.3.3 Non-converging MCMC

We hope that there are some indicators for telling

1. whether an MCMC chain converges to its stationary distribution.

2. whether an energy based model converges to its target distribution.

Indicator for converging to sampling distribution There’s no way to tell whether an
MCMC chain converges to its target distribution, in general. But the samples acquired
on transient distribution need to be ignored, otherwise, the estimation about the model
distribution is biased.

All models in section 4.4 are trained with a fixed SGLD step parameter SGLD𝐾 = 100. It
would be unavoidable for the first few epoch that the MCMC chain does not converge to
the stationary distribution, but we could expect that the objective function would scale
the magnitude such that the following relation holds if the number of epoch continues to
increase, and the average MCMC chain length converges. [18]

SGLD𝐾‖W‖ ≈ 𝑟𝑘

From figure 4.6 we can see the average MCMC chain length when a model is trained
on circle dataset and SGLD𝐾 = 100. We could tell from this figure that the average
MCMC chain length indicates the sampling distribution converges to the distribution of
the dataset (the distribution represented by the energy based model).

We show figure 2.2 again here for a comparison of converging and non-converging MCMC
chain.
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Indicator for converging to target distribution However, the indicator 𝑟𝑘 in figure 4.6
does not tell us whether the energy based model converges to its target distribution or it
is merely over fitting the sampler such that the energy based model distribution, when
sampled by this particular sampler, can generate a distribution that is close to the target
distribution.

In other words, this energy based model is not sampler invariant. This problem could be
demonstrated by figure 4.8 to 4.11.

We see that the sampling distribution with SGLD𝐾 = 100 converges to the target distribu-
tion. But if we continues to increase SGLD𝐾 = 150, the sampling distribution shifts.

It could be concluded that the underlying energy based model has a distribution that
is different from the ground truth. However, because of the loss objective function, the
energy based model learns to trick this particular sampler, such that when applying the
sampling operator with a particular parameter, here SGLD𝐾, the sampling distribution
corresponds to the target distribution. This phenomenon is observed also in [18].

It was proposed to increase the SGLD𝐾 to allow more involved mixing, but it was stated
that the step length is 10 times the step length to ensure that the energy based model is
not sensitive to the sampler parameter.
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4.4 Sampled trajectories

4.4.1 path1

hyperpameter value
lr 1 × 10−4

z_dim 64
h_dim 8
reg_l1 0.0
reg_l2 1 × 10−5

sgld_K 100
sgld_al 5 × 10−3

sgld_dim 1 × 106

dataset_sigma 0.1
epoch 851

Table 4.2: Training param-
eter for path1
dataset
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Figure 4.12: path1 dataset

path1 dataset acts as a reference dataset to tune model architecture, inspect training
dynamic, etc. The state-action mapping is added with a Gaussian noise with variance
dataset_sigma. Figure 4.14 to 4.18 shows trajectories starting from different posi-
tion. The model learns that the action to be identical in the position orthogonal to the
demonstrated trajectory.
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4.4.2 circle

hyperpameter value
lr 1 × 10−4

z_dim 128
h_dim 10
reg_l1 0.0
reg_l2 1 × 10−5

sgld_K 100
sgld_al 1 × 10−3

sgld_dim 1 × 106

dataset_sigma 0.1
epoch 834

Table 4.3: Training param-
eter for circle
dataset
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Figure 4.13: circle dataset

circle dataset is another dataset whose trajectories are generated by adding noise to
a reference path. This dataset requires three times the epoch (3000 iteration) in a three
layer MLP for training to generate trajectories that are similar to demonstrated trajectory.
Using the proposed trajectory sampler, the trajectories stabilizes to the reference path
inside the circle, and has region of convergence is roughly 1.5 the radius of the circle.
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4.4.3 mouse1

hyperpameter value
lr 1 × 10−3

z_dim 128
h_dim 16
reg_l1 1 × 10−6

reg_l2 0
sgld_K 256
sgld_al 1 × 10−3

sgld_dim 1 × 106

epoch 1498

Table 4.4: Training param-
eter for mouse1
dataset
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Figure 4.20: mouse1 dataset

Training an energy based model for mouse1 dataset requires tuning the SGLD step length.
It is tested that with sgld_K equals to 256, the number of iteration required for MCMC
chain to converge is around 1100, while for sgld_K equals to 100 the MCMC chain is still
mixing. The curve one can refer to is figure 4.7.

This dataset exhibits large variance near the tail of the trajectory. The EXP sampler does
not produces trajectories that reflect its multi-modality.
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4.4.4 mouse2

hyperpameter value
lr 1 × 10−3

z_dim 128
h_dim 10
reg_l1 1 × 10−6

reg_l2 0
sgld_K 100
sgld_al 5 × 10−4

sgld_dim 1 × 106

epoch 1999

Table 4.5: Training param-
eter for mouse2
dataset
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Figure 4.21: mouse2 dataset

mouse2 dataset demonstrates again that the energy based model tends to imitate the ac-
tion that is not necessarily mimicking its closest demonstration in the orthogonal direction,
at least measured by Euclidean distance. But it provides guidance on how we can further
impose an additional constraint on the objective function, possibly be dataset dependent.

40



0 5000 10000 15000 20000 25000 30000
epoch

0.0013

0.0014

0.0015

0.0016

0.0017

rk

0 5000 10000 15000 20000 25000 30000
epoch

80

60

40

20

0

am
l l

os
s

Figure 4.6: Average MCMC chain length on circle dataset with SGLD𝐾 = 100. It could
be seen that the average MCMC chain length increases slightly, this indicates
that the MCMC chain reaches its model before running up all the SGLD step.
The slope of rk should be proportional to the noise level SGLD𝛼
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Figure 4.7: Average MCMC chain length 𝑅 curve of converging and non-converging
MCMC chain. Both models are trained on mouse1 dataset. The model in the
upper is using MCMC step length of 100. The model in the lower is using
MCMC step length of 256. This comparison shows that MCMC step length
could effect the rate of training the model, and is supported by inspecting the
magnitude of gradient norm in each network layer. It could be seen clearly in
the lower diagram that the MCMC chain converges to a value after a PT1 like
a rising curve. It could be said that before epoch 1100, neither MCMC chain
nor the distribution of energy based model converges. After this epoch, at
least the sample distribution is stationary. Whether the MCMC converges,
should be validated by running a large MCMC step length. Refer [18] for a
more detailed investigation on this problem
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Figure 4.8: SGLD𝐾 = 0 on circle
dataset. The blue parti-
cle indicates noise initialized
MCMC chain.

Figure 4.9: SGLD𝐾 = 46 on circle
dataset. The blue particle
moves from starting posi-
tion towards its next state.
The SGLD length is approx-
imately proportional to the
SGLD step.
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Figure 4.10: SGLD𝐾 = 100 on circle
dataset. The particle
reaches its target distribu-
tion exactly at 100 step.

Figure 4.11: SGLD𝐾 = 150 on circle
dataset. Continue running
the MCMC chain, it could be
shown that the particle devi-
ates from its target distribu-
tion. This indicates that the
MCMC chain doesn’t con-
verge to its stationary distri-
bution. This phenomenon is
also discussed in [17].
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Figure 4.14: path1 inner starting point
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Figure 4.15: circle inner starting point
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Figure 4.16: path1 on the reference
path
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Figure 4.17: circle on the reference
path

2.00 1.75 1.50 1.25 1.00 0.75 0.50 0.25 0.00
0.5

0.0

0.5

1.0

1.5

2.0

2.5

expectation estimation

Figure 4.18: path1 on the outer starting
point
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Figure 4.19: circle on the outer start-
ing point
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Figure 4.22: mouse1 inner starting
point
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Figure 4.23: mouse2 inner starting
point
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Figure 4.24: mouse1 on the reference
path
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Figure 4.25: mouse2 on the reference
path
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Figure 4.26: mouse1 on the outer start-
ing point
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Figure 4.27: mouse2 on the outer start-
ing point
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5 Conclusion

This master thesis experiments with trajectory generation with energy based models.

An energy based model is proposed to learn the state action mapping given demonstrated
trajectories in 2D space. An architecture that embeds state and action into a higher
dimensional space is proposed. It is tested that applying spectral normalization makes
the learning process requires far more epoch to update the network parameters. A
sampler for generating trajectory on the energy based model is proposed. It is shown
that the trajectory produced by the sampler has a smaller variance and more close to the
demonstrated trajectory.

Recent methods for training energy based models with maximum likelihood estimation
are reviewed. Metrics for diagnosing training convergence are applied and analyzed in
the experiment. The training dynamic is discussed in the experiment, arguing that noise
initialization together with average MCMC chain length could reflect the convergence of
an MCMC chain.

The energy based model is evaluated on four datasets to demonstrate its ability to generate
trajectory within a reasonable large neighborhood of the demonstrated trajectory.
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